1.1 Introduction :

Analog filters are designed using analog components hke resistors (R), inductors (L) apq
capacitors (C). While digital filters are implemented using difference equation.

The digital filters described by differential equdtions can be implemented using software Jike
‘C? or assembly language. We can easily change the algorithm; so we can easily change the filter
characteristics according to our requirement. _
Basically there arc two types of filters as follows :
I FIR (Finite impulse response) filter,
2. IR (Infinite impulse response) fikter.

We will study each type in detail; later in this chaptcr. Presently we will compare analog ang
digital filters by studying advantages and disadvantages of digita! filters.

1.1.1  Advantages of Digital Filters : -

1. Many input signals.can be filtered by one digital filter without replacing the hardware.

2. Digital filters have characteristic like linear phasc response. Such characteristic is not possible
to obtain in case of analog filters.

L

The performance of digital filters, does not vary with environmental parameters. But the
environmental parameters like temperature, humidity etc., change the values of components in
case of analog filters. So it 18 required fo calibrate analog filters periodically,

4. In case of digital filters; since the filtcring is done with the help of digital computer, both
filtered and unfiltered data can be saved for further use.

Uniike analog filters; the digital fitters are portable.
From unit to unit the performance of digital filters is repeatabie.

The digital filters are highly flexible.
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Using VLSI technology; the hardware of digital filters can be reduced. Similarly the power
consumption can be reduced.

9. Digital filters can be used al very low [requencies, for example in Biomedical applications.

10.  In case of analog fillers; maintenance is frequently required. But for digital filters it is not
required. '

1.1.2 . Dlsadvantages of Dlgltal Filters :

1. Speed limitation :

In case of digital fillers, ADC and DAC are used. So the speed of digital filter depends on
the conversion time of ADC and the settling time of DAC. Similarly the speed of operation of
digital filter depends on the speed of digital processor. Thus the bandwidth of inpur signal processed
is limited by ADC and DAC. In real tune applications, the bandwidth of digital Flter is much lower
than analog filters. :



2. Finite wordlength effect :

- The accuracy of digital filter depends on the wordlength used to encode them in binary form.
Wordlength should be long enough to obtain the required accuracy.

The digitael filters are also affected by the ADC noise, resulting from the quantization of
continuous signals. Similarly the accuracy of digital filters is also affected by the roundoff noise
occrted during computation.

3. Long design and development time :

An. initial design and development time for digital hardware is more than analog filters.

1.2  Filter Design Methods :

In order to design the digital IIR filter; analog 1IR filter is designed first. Then analog filter is
converted into the digital filter. Here you may ask a question, why to de51gn digital fitter from
analog filter 7

The reasons are as follows :
(1)  The procedure to design analog filter is readily available and it is highly advanced.

{2)  When we design digital filter using analog filter then the implementation bccomes simple.
The different methods use o design IIR filter are as follows - :

(1} Approximation of derivatives. (2} Impulse jnvariance. ' (3) Bilinear transformation.

{4) Matched Z transform.  (5) Least square filter design. '

1.21  Approximation of Derivatives :

Consider an analog differentiator with transfer function H, (). The function of analog
differentiator is to take the derivative of analog input signal. Let x (t) be the input signal applied to
analog differentiator. Then ils output can be written as,”

y(t) ‘—X(l) ' ' 1)

Consider analog signal as shown in Fig. K-1(a).
Since the output is the differentiation of input, then from Fig. K-1{a) we can write,

X(t)“

Ty=nT-T Ty,=nT

Fig, K-1(a} : Analog signal



y(nT) = x(nT)u;(nT—T}

x(n)-x(n—1) .
T _ _ ~(2)

Taking Z transform of both sides we get,
X(Z)-2"'X(2)

Thus y{n)

It

Y(Z)

T
' 1-z"!
Y(Z):X(Z){ = }
Y(Z) _yog o122 |
X(Z}'H(Z)“{ T } )

Equation (3) gives the transfer function of digital filter.
Now we will obtain the transfer function of analog filter.
We have,

y(6) = $x(0)

Taking Laplace transform we get,

_Y_(s)':.sX(s)
Y(s) _
—WX(S} =H(s)=s . ()

Equation (4) gives the transfer function of analog filter.
. Comparing Equations (3) and (4) we get,
-7}

T

-{5)

8. =

-1

Thus transfer function of digital filter is obtained by puiting s = in the equation of

T
the transfer function of digitai filter.
That means,
| |
H{Z) =Ha[s)| [yt . (6)
| s=
T
Mapping between s and Z plane :
‘We have,
1-2"1
h. = ,,l
Multiplying numerator and denominator by 7. we get,
' Z~1

S =7



. AT =Z-1
v §ZT-7Z = -1
w —SZT+7Z =1
 Z(1-sT) =1
' 1
= (7
: 1-sT : @
We know that ‘s’ is the laplace operator and it is expressed as,
s =6+jf2
Putting this value in Equation (7) we get,
| 7ol
1-T{c+jQ)
1
Z =7
1-0T-jQT
' . 1 1-0T+jQT
Z = - X
T 1-¢T—jQT " 1-0T+jQT
_ 1-oT+jQT
(1-6T Y +(QT)
1-oT ‘ QT
= 5 2+_] 3 3 .(8)
{1-0T)y +(QmT) (1-oTY +(QT)
Putting ¢ = 0 in Equation (8) we get,
1 Qr
= (9)

+j
L+(QTY ~1+(aT)y
Now as €2 varies from — oo to + o, the corresponding locus of points in Z plane is a circle of

radivs % and its centre at Z = % This mapping is shown in Fig. K-1(b).

Iy (2} jQ

b

. o '
Unit Circle 2 plane _ // s plane
LHS. / RH.S.

r ¥

Fig. K-1(b) : Mapping between s and Z plane



This mapping shows that,

o[

i} L.H.S. of s plane is mapped onto the points inside the circle in Z plane havin,. radius =

and centre at Z = %
i) R.H.S. of s plane is mapped onto the poinis outside the circle in v4 plane.
iii)  The stable analog filter is converted into stable digital filter.
Limitation of approximation of derivatives method :

This method is suitable only for designing of low pass and bandpass IIR digital filters with
relatively small resonant frequencies.
1.2.2 Impulse Invariance Method :

In this method, the design starts from the specifications of analog filter. Here w: have fo
replace analog filter by digital filter, This is achieved if impulse response of digital filter r.sembles
the ‘sampled version of impulse response of analog filter. If impulse response of both, analog and
digital filter matches then, both filters perform in a similar manner.

Before studying this method we will list out the different notations, we arc going to use.

h{t) = Impulse response in time domain
H (s} = Traosfer function of analog filter; here ‘s’ is laplace operator
h{n TS ) = BSampled version of h (t), obtained by replacing t by a TS.
H(Z) = Z wansform of h{nT ). This is response of digizs] filter.

£} = Analog frequentcy
@ = Ihgital frequency

Transformation of analog system function H, (s} to digital system function H(2) :

Now let the system transfer function of analog filter be H, (s). We can express H, (s) in

terms of partial fraction expansion. That means,

A A, . A
Ho(s) = — v —fr
s=P, s—P2 s—P3-
N
A
K
H (5) = (1
J5) = X —& M
k=1 k
Here A = ALA L Ay are the coefficients of partial fraction exﬁansion.

It

and Pk P1 R P2 PN are the poles.



Here *s’ is the laplace operator. So we can obtain impulse response of analog filter, h (t)
fom H, (s) by taking inverse laplace of H, (s). So using standard relation of inverse laplace we

w,

N _ : .
h(t) = 3, AkeP"t_ - B )
k=1
Now unit impulse response for discrete structure is obtained by sampling h (t). That means,
h{n) can be obtained from h (t) by replacing ‘t’ by n T in Equation (2).

N
hin) = 3 Akepkﬂs . e
k=1 '
Here T, is the sampling time.

. The system transfer function of digital filter is denoted by H{Z). It is obtained by taking
Z-ransform of h (n}. According to the definition of Z-transform for causal system,

H(z) = ¥ b(n)z™" : (&)
n=>0 '
Putting Hquation (3} in Equation (4) we get,

oo N
Hz)= Y | ¥ Akepknrs .z "

n=0| k=1

N oo

H(Z) = 3, A 3 eti'.zn
= ~0
N

H(Z)

DAY (ekas-z“)n | (5)

Using the standard summation formula,

I
I-a
n=0 :
Equation (3) becomces,

46)

This is the required transfer function of digital filter.



- Thus comparing Equation (1) and Equation (6), we can say that the transfer function of
digital filter is obtained from the transfer function of analog filter by doing the transformation,

s—P, 1-efl.z-! 1= A7)

Bquation (7) shows, how the poles from analog domain are transferred into the digital
~ domain. This transformation of poles is called as mapping of poles. ' :
Relationship of s-plane to Z plane : \

We know that the poles of analog filters are located at s = Py. Now from Equation (7) we
can say that the poles of digital filter, H (Z ) are located at, '

PT
.Z =eks (8)

~ This equation indicates that the poles of analog filter at s = Py are tansformed &1 u the poles

* PT
of digital filter at Z = e * *. Thus the relationship between laplace (*s’ domain) and % domain is
given by, '

sT
A ()

Here s = P, and T-S is the sampling time.
Now ‘s’ is the laplace operator and it is expressed as,
8§ = 0+jQ . (1
Here o Attenuation factor

and  Q Analog frequency
We know the ‘Z’ can be expressed in polar form as,

il

i

Z =re .(11)
Here *r’ is magnitude and ‘o’ is the digital frequency.
Putting Equations (10) and (11) in Equation (9) we get,

j (o+j&)T
re =e s
j aT jOT . '
re = e g s (12)
Separating real and imaginary parts of Equation (12) we get,
oT
r=¢g s L(13)
i ] QT
and ej = E,] ¥
m = Q_TS _ ..(14)

Now we will find the relationship between s plane and Z plane. Basically plot in ‘s’-dornain
means, & is plotied on X-axis and jQ is plotted on Y- axis. And Z-domain representation means real
Z is plotted on X- axis and imaginary Z is plotted on Y-axjs.

Now consider Equation (13), it is
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We will discuss the following conditions : _
() T o <0, then r is equal to reciprocal of ‘e’ raise to some constant, Thus range of r will be 0

to 1.

(15)

Now ¢ < 0 means negative values of o. That is L.H.S. of s plane. We know that ‘r’ is the
radius of circle is Z plane.

So ‘0 < r < |’ indicates interior part of wnit circle, Thus we can conclude that,
LHS. of ‘s’ plane is mapped inside the vnit circle.
G) Ifo=0thenr=e=1

Now ¢ = 0 indicates j€ axis and r = 1 indicates unit circle. Thus,
J& axis in ‘s’ plane is mapped on the unii circle.. _
(iii)  if @ > O then, r is equal to ‘¢’ raise to some constant. That means r > |.

Now ¢ > 0 indicates R.H.S. of ‘s’ plane and ‘r’" > 1 indicates exterior part of unit circle..
Thus,

R.H.S. of ‘s’ plane is mapped outside the unit circle,
Combining all conditions; this mapping is shown in Fig. K-2.

0

lﬁg. K-2 : Relationship of s plane to Z-plane

Disadvantages of impulse invariance method :

o X
T, VT,

1o

(1}  We know that ‘Q’ is analog frequency and its range is from . While the digital

L3
T b T ., . :
frequency ‘@’ varies from — % to %. That meuns from T to — T @ maps from - to @ Let
. H 5

. ‘ ) n
k be any integer. Then, we can write the general range of £ as (k| )? to (k+1 }%[—; but

5 8



for this range also; ‘e’ maps from — & to %. Thus mapping from analog frequency ‘Q’ to
digital frequency ‘@’ is many to one. This mapping is not one to one.

{2)  Analog filters are not band limited so there will be aliasing due to the sampling process.
Because of this aliasing, the frequency response of resulting digital filter will not be identical
to the original frequency response of analog filter.

(3)  The change in the value of sampling time { T, ) has no cffect on the amount of aliasing.

Some standard formulae for transformation in impulse invariance method are as foliows E

R N -
5= P, 1—ehT.z-!
. —aT, -1
(i) s+a l—e [cosbT ] Z
ii o - : :
(s+a) +b® 1-2e™" [cosbT, ] 2" e 5T 772
B -1
(i) b : ¢ sinbT, }Z
iy - — -
© (s+a)+b’ !-—ZC_aTs[costs]Z'l+e_2aTs-Z'2

Design steps for impulse invariance methed :

Step I:  Analog frequency transfer function H{s) will be given, If it is not given then, obtain
_ expression of H (s) from the given specifications.

Step 1l :  if required expand H (s ) by using partial fraction expansion (PFE).

Step III : Obtain Z transform of each PFE term using impulse invariance transformation equation,
Step IV : Obtain H ( Z), this is required digital IIR filter.

Solved Problems :

Prob. 1 : Find out H(Z) using impuise invariance method at 5 Hz sampling frequency from H (s)

as given below :
N

. 2"
H(s) = (s+1)(s+2)
Soin. : _
Step I :  Given analog transfer function is,
- >
H{s) = ——— (1)

(s+1){(s+2)
Step II : We will expand H(s) using partial fraction expansion as :
H(s) = A + e A2
{s+1) (s+2)

Thus poles are at P, = 1 and Py = —2.

Now values of A, and A, are calculated as follows :

|
Al = (s-P)H(s)[

s=P
1



) 2
A =(s+1) —————
=D TG |
A = 2 =2
L —1+2
. i 2
amd A = (§-P)H(s)| =(s+2) ——"
2 2 s=p, s+ 1) (s+2)|ooos
, .
A, = ==2
2 -2+
Putting values of A and A, in Equation (2) we get,
2 2
His) (3)

T s+1) (s+42)
Step IIf : Now we will obtain the Z-transform using impulse invariance transformation equation. It
is, .
I U @

s=P, 1-ef bzl

Here T, = Sampling time. Now given sampling frequency is F, = 5 Hz.
1 1
.Ts — E;_ 5 = 0.2 sec.
we have poles at P| = — | and Py = —2

So using Equation {4) we get,
1 i 1

— = (3
a+1 - 1o~ 1002} 7-1 " | _.-02 7-1 )
1 1 1 '
and 5 - e 2(02) Z-1 | _ —0dy-1 0)
Step TV : The transfer function of digital filter is given by,
N Ak
H(Z) = 2 7 5
. k=1 —& k s-
In this case we get,
H(Z) = —l | 9
1-ehT.z7t - z7!
Using Equations (5) and (6) we get,
' 2. 2
H(Z) = -
[_e—02.7-1 {_o=04 ,-1
H(Z) = 2 2

1-0818Z" ' 1-067Z"



To convert each term into positive powers of Z; multiplying numerator and denominator of
each term by Z we get, :

2Z 27
H = -
(Z) = 5088 Z-0.67
H(z)y - 2Z(Z~067)-22(Z-0818)
(Z-0818)(Z-0.67)
H(Z) = 272 -1347-272 + 1636 2
72— 0.67Z - 0.818 Z + 0.54
H(Z) = 0,297

72 _ 14887 +0.54

This is the required transfer function for digital TIR filter.

Prob.

2 : Determine H (Z) using impulse invariance method for the system function

1 X
(s+05)(s°+055+2)

His) =

Soln. :

Step I : The given transfer function is,

1
T (s+05)(s2+05542)

H(s)

Step I :  In the partial fraction expansion form H (8 ) can be written as,

! A

H(s) =

Let us obtain the values of A, B and C.

1 _ A(SS+055+2)+(Bs+C){(s5+05)

= = +
(s+05)(s°+05s+2) (s+05) (s4+05s+2)

($+05)(s24+055+2) (s+0.5)(s*+055+2)
1

1l

A(S+05s+2)+(Bs+C)(s+05)
i

A+ A0Ss+2A+Bs +BOSs+Cs+05C
1

S(A+B)+s(05A+0SB+C)+(24+05C)
Now s term is absent in RH.S.
A+B =0
Similarly ‘s’ term is absent in R.H.S.

05A+05B+C =0
Ard 2A+05C =1

Now we will solve Equations (4), (3) and (6) to obtain the values .of A, Band C.

w(1)

w(2)

.{(3)

D)

.(5)
(6)



From Equation (4),

B =-A
Putting this value in Equation (5) we get,
=0

05A-05A+C

1

From Equatjon' (6),r Z2A+0

Since B = — A we get,

Putting these values in Bquation (2] we get, : .
: 0.5 05s -
-5 . (7

s+05 2405542
To use the standard transformation formulaec we will convert the second term on R.H.S. in the
s+a b :
(s+a)2-l-b2'an (S+a]2+b2 .

(s} =

form

Consider the term s% + 0.5 s+ 2. It can be expressed as,
P+0S5s+2 = (s2+0.55+0.0625)+(1.9375)
21055+2 = (54025 +(1.39)°

Putting this value in Equation (7) we get,
0.5 0.5s

His) =. --
)= 505 (s+0.25)+(1.39)
o [ _0.25 - 025
H(s) = 05 g5y —Sr02=0B
s+0.5 (s+025)+(1.39)

t

Hisy = %505 _s.+o.zs2 sl - -02.25 ]
| 5+0.5 (s+025) (s+025)2+(139)

Now we want the numerator of third term equal to 1.39. It is arranged as follows,

_ 0.5 s +0.25 0.5 % 0.25 1.39
“H{s) = 5—0.5 — 2 [T 139 5 7
s+0. (s+025) . (s+0.25) +(1.39)" |
H(s) = 2205 ~—S+—O'~2~5—3 +0.089 1.3 Sl ®
s+05 {s+0.25) (s+0.25Y +(1.39)

Now recall the standard transformation formulae,



. 1 1
@ s—P, oA Tzt
_aTs -1
(i) s+a I-e [cosbT 1Z
ii »
(s+a)+b’ 1-2¢ [ cosbT, 1 Z7 4™ 2T, 7272
- -aTs i _i
(ifi) b e [sinbT 1Z

(S‘|'?1)2+b2 N 1-—Ze“"Ts[cl;»sts]2"14_(3‘2“";-.2‘2

Step III : Using these formulae, equation of H (Z ) can be obtained from Equation (8) as follows :

. t-e %P1 (cos1.39T 1271
H(Z} = — 0:(5)1? 705 025 T 1S 0ST 2
I—e™ .27 1-2e7% s[cosl.39TS]_Z_ +e U s 27

25T _1
s(5,11'11.391';)2

+ 0.089 . -
: 1—2e_0‘25Ts(cos 1.39TR)Z"'1+f.=_u'5Ts,-Z_2

This is the required transfer function. Note that the value of TS is not given in the problem;
50 TS is kept as it is.
1.2.3  Bilinear Transformation Method ;

In case of impulse invariance method, we have studied that the mapping is many o one. So
this method is not suilable to design high-pass filter and band reject filter.

In case of bilinear transformation; the mapping is one to one from s domain to the Z domain,
So (here is no aliasing effect. The limitations of impulse invariance method are overcome by using
BLT method. '

Consider an analog integrator as shown in Fig. K-2(A)

Input x(t) ——— fnte gratq_i_‘_-:';—’-_b Qutput y(t)

H,{s) = 1§

Fig. K-2(A)

The response of analog integrator is,

H (s) =1 | (1)
Inpat in- laplace domain is X (s) and output in laplace domain is Y (s).
For time period T; the difference in output is given by,
t
Y(tz)—vY(tl) :Jx(nTs)dT L)

4



Cansider input signal as shown in Fig. K-2(B).

x(t) 1
x(tz) ;(12)
x(tﬂ | C

Fig. K-2(B)

Here we have assumed two input positions x(t;) and x(t,). Corresponding output is

denoted by Y (t;) and Y (t, ) respectively. Now arca under the curve is addition of area of triangle
ABC and area of recungle ACDE.

Y(t,) - Y(t) = %(t2 - tl][x(tz)—x(tl):] +x(g)(t, — ;) . (3)

As shown in Fig. K-2(B), time period t; = nT,. Thus fime period t, is nT, - T, That
means t,—t, = Ts o

Putting these values in LEquation (3) we get,
' 1
Y(aT )~ Y(nT - T} = -2—T|-x(nTS)~x(nTS~T)] +x(nT -T)T,

1. 1 -
Y(0T) - Y@T,-T,) = 3T, x@T) - ;T x(nT, - T)+T,x(aT,~T,)

Y(nT,)-Y{(nTg~T ) :%Tsx(nTs)-f%Tsx(nTs-—Ts)
Y(nT)-Y(aT)-T, :,E[x(nTs)H(nTs_—Ts)J (4
Taking Z transform of both sides we get,
T

Y(Z)-Z 'Y (Z) :?S[X(Z)-!-Z._IX(Z)J
S Y(2Z) [1—2‘1] - % [X(Z)(1+Z_l}1'



Y (Z) T, (1+27 1
=H(Z)=2-—-—"2_2 (5
X(Z) . 2 iz )
Now we have transfer function of analog filter,
1
H, () = < - A6)

Equating (5) and (6) we get,
' 1 T4z
-q_ = 7 -“—""'—"—_I ! "'(7)
' (1-2°7)
Thus relationship between s plane and Z-plane is given by,
212-1 ' :
==l— (8
T ( Z+1 J | ®)
Here T, is the sampling time.

We know that ‘s’ is the laplace operator and it can be expressed as,

8 = G6+j (9}
Now the equation of Z in polar form is,
je :
Z =re _ (1)
Putting Equations (9) and (10) in Equation (8) and multiplying numerator and denominator by
(re"}m+ 1) we get, '
- in .
. 2 re] —1-I re 41
G+_]Sl =? . X —j0
s|re®+1 ) re T +1
[ L L N R R
g . + - -1
G+iQ = %2_ e | {11)
sLre -e " Fre +re " +1 |
Bute' e " =el= 1
. o2 ja -jo . 1
2+ —re T =1
G+ = - — | (12}
T 3 Pt e 051 |
@ —jw : o - joa
p— +
Now we have, e—-*-z—;'-“—— = sin & and £ ,23__ = COS .

We will rearrange Eguation (12) as follows :

B e_]w._e"j(!}
r2~1+j2r 2]

ej(°+ -
[+
r2+2r — |+ 1

. 2
o+ = Ts

2

G+ =

=

-1 +J2r sin @
5 2+ 2rcos 0 + 1



2 £-1 ) 2rsin @

L(13)

0+jQ = — +i5— -
! .TS P+2rcos@+1 o+ 2rcos@+ 1
Equating real and imaginary parts of Equation (13) we get,
I ot (14)
Ts 4+ 2rcos w+ 1
ad Q = 2y 28RO A15)

Tg ?+2rcos o+ 1
Now we will discuss the following conditions related to Equation (14).

i Whenr <1 then 5 < 0

Here r < 1, means interior part of circle having unit circle and ¢ < 0, means o is negative .
which is L.H.S. of s-plane. So this condition indicates that L.H.S. of s plane maps inside the unit
circle, '

(ii) Whenr=1theno=10

Now r = 1 means unit circle and ¢ = ) means jQ axis. Thus this condition indicates that the
J€ axis maps on the unit circle,
(iiiy Whenr>1theng >0

Here r > 1, means exterior part of unif circle and ¢ > 0 indicates that ¢ is positive means
R.H.S. of s-plane. So this condition indicates that R.H.S. of s-plane maps outside the unit circle.

This mapping is similar to the mapping in impulse invariance method, as shown in Fig. K-2.
But in impulse invariance method mapping is valid only for poles ; while in bilinear transformation,
mapping is valid for poles as well as zeros.

How stable analog filter is converted into stable digital filter ?

Analog filter is stable if the poles lie on the L.HS. of s—plane. While the digital filter is
stable if the poles are inside the unit circle in the Z-domain. Now condition (1} indicates that L.H.S.
of s-plane maps inside the unit circle. Thus stable analog filter is converted into stable digital filter.
Frequency warping concept :

Here we will obtain the relationship of j axis in s-plane to the unit circle in' the Z-planc
r=1)

Recail Equation (15).

' 2rsin @

Q = ot
Is I'+2rcosm+1

For the unit circle, r = 1. Thus puttiﬁg 1 =1 in the equation of Q) we get,

-2 2 sin @
Q= Fx—2
' T, 1+42cosm+1
‘:Q :ix 2sinm

Ts 2+2cos



Q = 2 N sin 6
T " 14cosw +(16)
We have the trignometric identities,

. ) W ®
sin@w = 281115'(:08'5' and 200525= 1 + cos .

Tﬁus Equation (16) becomes,

, M (&)
2 sin — cos —

Q- 2x—202
w
5 2 2_
cos 2
2sin9
2 2
Q=%
['S 2cos@/2
2 ®
0 = Tstan2
-1 ‘QTS I .
@ = 2tan 5 : LT

Fig. K-3 : Mapping between @ and Q
Observations :
1. The entire range in £ is mapped only once into the range — & < ® < .

2. The mapping is ane to one.

3. The mapping is highly non-linear.

QT
- Now because of the non-linearity of tangent function 2 tun ~ : { ZEJ ; there exists frequency
warping ot frequency compression.
What is frequency warping ?
Because of the non-linear mapping ; tire amplitude respoase of digital IIR filter is expanded
at lower frequencies and compressed at higher frequencies in comparison to the analog filter. This
effect is called as trequency warping.



Prewarping procedure :

We have discussed the warping effect. Because of th1s effect, there is non-linear compression
of & to w values. To compensate this effect ; prewarping or prescaling procedure -is used. This
procedure is as follows : :

aT,
(i) The )’ scale is changed to prewarpped scale denoted by Q and Q" = % tan[ 3 ]

() Then analog ﬁlter transfer function H () is obtained using values of Q
(iii) By applying the bilinear transformation, the desired digital frequency response H( Z) is

" obtained.
Advantages of bilinear transformation method :
1. There is one to one transformation from the s-domain to the Z- domain.
2. The mapping is one to one. '
3. There is no ahasing effect.
4, Stable analog filter is transformed into the stable digital filter.

Disadvantage of bilinear transformation method :
The mapping is non-linear and because of this; frequency warping effect takes place.
" Comparison between Impulse invariance and Bilinear transformation method :

'Bi.]iﬁe'ar. transf()rrimtibxi _'m_t_et_\h{)gl o

'ns:fcrl_"éi:'l b) using the Poles are transferred bv usmg the eq.atl
1-hT.z7! T | z+1
is many 0 ot_[e.' Mappiag is one to one.
é’-b_resén’t. Aliasing effect is not’ present

le to- d581gn high-pass filter | High pass filter and band I'C_]S(lt ﬁlt .
gct i:ﬂ_;e__r. . be designed. L

cusystem can be mapped Poles as well. as zeros can be mapped

v .irpmg cffect - | Frequen(,y w.:upmg cffct,t is prv-,cnt

Soived Problem_s :

Prob. 1 : An analog fiter has the following transfer- function H('S) = ?T_T Using bilinear

transformation technique, determine the transfer function of digital fitter H{ Z and also
write the difference equation of digital filter.
Soln. : The given transfer function is,
1

H(S) = el (1)



~ In bilinear transformation H (Z) is obtained by putting,

s = 2|21
TT|zZ+t

8

Here Tj is the sampling time; which is not given. So assume T, = 1 sec.
Z-1
§ =2 —
[ Z+1 ] @
Putting this value in Equation (1), '

1 T .
H(Z) = =
Z-1 + -
142 (Z+1)+2(Z-1)
Z+1 Z+1
H(Z) = L_
Z+1+2Z-2
Z+1
H(Z) = -
(Z) = 57 @)
This is the transfer function of digital filter, Now we have,
Z
H(z) = L2 2+1
X(Z) 3Z-1
Converting into negative power of Z we get;
Y(z) 1+27!
X(zZ) 3-z7!
Y(Z)(3-2"Y) =X(Z)y(1+z2™H
IY(Z)-Z2"1 Y (Z) = X(2)+Z2"'X(2)
Taking IZT of both sides, -
3y(n)—-y(n-1} = x(n)+x{(n=-1)
3¥(n) =x(n)+x(n~1)+v(n-1)
: 1 1 S
:3x(n)+3x(n—-l)_+_3y{
This is the difference equation of digital filter.
Prob. 2 : The transfer function of analog filter is :
3 .
H = ———————with T =01 .
.(s] (s+2)(s+3}WI s .1 sec
Design the digital IR filter using BLT.
Saln. ©  The given transfer function is,
H(s) = —mmeoem A1)

(s+2)(s+3)



In bilinear transformation, H ( Z) is obtained by putting :

¢ = 2|21
T z+1

5
Here T
5

21 Z-1 Z-1
= =20
y 0-1[Z+1] {Z+1]

Putting this value in Equation (1) we get,

sampling time = 0.1 sec.

3
H(Z) = ¢
20 Z-1 +2 || 20 Z-1 +3
Z+1 Z+1
H(Z) = 3 :
T [20Z-20 207 -20
+2 +3
Z+1 Z+1
Iy(Z+1
H(Z) = 3(,Z+ Y(Z+1)
CO(20Z-20+2Z2+2)(202-2043Z+3)
3(Z+1)° '
H{Z) =
(Z) (22Z2-~18){23Z-17)
3(Z2+22+1)
H(Z) = 5 -
506Z°—374Z ~ 414 Z + 306
2 2
742741
H(Z) = I(Z27+22+1) + +

50621 - 788 Z+ 306  168.67 Z° - 262.67 Z + 102

142721 +2772

168.67—262.67Z 1022
This is the required transfer function for digital 1R filter.

(2)



1.3 Butterworth Fiiter Approximation :

A typical characteristic of a butierworth low pass filter is as shown in Fig; K-5.

met f

1 -
1+

p
}¢-Pass band-»{«Transition—»«——Stop band —»|
band

Fig. K-5 : Typical characteristics of analog L.P.F.

This type of responsc is called as butterworth respanse because its main characteristic is that
the passband is maximally flat. That means there are no variations {ripples) in the passband.
Now the magnitude squarcd response of low pass butterworth filter is given by,

i | o

&

This equation is also expressed as,

IH(Q) P =

o | @

TH(Q)P =
1+e? ( £ ]
Q
_ P
Here |H(Q})l = Magnitude of analog Jow pass filter.
QC = .Cut-off frequency (—3dB frequency).
Qp = Pass band edge [requency.
1+e® = Pass band edge value.
1+8% = Stl:;p band edge value.
€ = Parameter related to ripples in pass band.
8 = Parameter related to ripples in stop band.
N = Order of the filier.



We know that, in case of low pass filter the frequencies will pass upto the value of cut-off
frequency (£2.). This is called as pass band. After that the frequencies are attenuated. This is called
as stop band. Ideal characteristic is shown by dotted line in Fig. K-5. Ideally, at the value of cut-off
frequency { Q) the frequencies should be stopped. But in practical cases this is not happening.

Now the order of filter is denoted by ‘N’. Roughly we can say order of filter means, the
number of stages used in the design of .analog filter. As the order of filter ‘N’ increase’s, the
response of filter is more close to the ideal response as shown in Fig. K-6.

Mt

1

W |

0

Fig. K-6 : Effect of N on frequency response characteristics

Salient features of low pass butterworth filter :

1. The magnitude response is nearly constant (equal to 1} at lower frequencies. That means pass
' band is maximally flat. : '

2. There are no ripples in the pass band and stop band.

3. The maximum gain occurs at @ =0 and itis [H(0)l= 1.

4. The magnitude response is monotonically decreasing.

Design equations and design steps :

P
A

5

Let A = Atenuation in pass band.

Attentiation in stop band,

Qp = Pass band edge frequency.

QC = Cut-off frequency.

= Stop band edge frequen

b}



In the problem the'speciﬁcaﬁons of required digital filter will be given and it will be asked to
design a particular discrete time butterworth filter. Then the following steps should be used :

Step I:  From the given specifications of digital filter ; obtain equivalent analog filter as follows :
(a)  For impulse invariance method :

a
Q=z

] 3
(b)  For bilinear transformation method :

2 ®
Q = T tan 5
Here Q = Frequency of analog filter ® = Frequency of digital filter
Ts = Sampling time '

Step Il : Calculate the order ‘N* of filter using the equation,

call

] log[[l/ﬁf)ml]

2 log .QS/QC

or

Here 55 = Attenuation in stop band.

If the specifications are given in decibels (dB) then use the equation,
J|" 101 A (dB) _ 4 }
lngL 1001 A, (dB) ]

Q
o |

Step I : Calculation of cut-off frequency (Q.):

R |

The cut-off frequency (Slc) of analog filter is calculated as ;

(a)  For impulse invariance method :

. @,
Q‘c =T

5

(b}  For hilinear transformation method :

41
C

2
Q{__ =1 tanT

$



. -,._a_;..;;;.-ags.hu.a.:m.,ﬂm

= T

When w_ is not given then use the equation,

. 0 .
(i) Q = ———--th and if specifications are in dB then.

1
22
A

. Q
(ii Q =
) © " q0TA

Step 1V @ Calculate the poles using,

I{N+2k+} noIN :
Pk=che” FORN k=0,1,2, .. N-1

If the poles are complex conjugate then organize the poles (Py) as complex conjugate pairg
that means,

* #
. 8; and sI,.s2 and s, etc.
Step V :  Caleulage the system transfcr function of analog filter using,

.QN

. . [
His) = (s=P)(s-P ).

and if poles are c'omplex conjugate then,

QN
H(s) = <

Soived Problems -
Prob. 1 : A digital filter has frequency specification as :
Passband frequency - o, = 02n

Stopband frequency = @ =03n

analog domairn i, _
() tmpulse invariance technique is used for designing.
(N Bifinear transformation is used for designing.

Soln. : Assume sampling time T = 1.

{} For impulse Invariance method we have,

%
Q =7



e}
"
!
g
P —
% L__)S
e

2
=
]
b2
—
&
=]
PN
=
b
=
-
It

(o.leso)
2tan| —=5—

=
n
. v
B
——

3n)_, . (03x180
2 2

Prob. 2 ; Design a second order DT butterworth filter with cut-off frequency of 1 KHz and sampling
frequency of 10% samples/se¢. by hilinear fransformation. '

Soln. :

In this problem, the specifications of digital filter are not given directly. So first we have to
obtain required design specifications for digital fililer. Then for butterworth approximation we have to
convert these specifications into specifications of eguivalent andlcg filter. Finally using bilinear
transformation we have to obtain H (Z)}

Given specifications of analog filter :
Order of filter, N =2
Cut-off frequency of analog filter, ¥, = 1 KHz = 1000 Hz.

Sampling .frequcncy, F, = 10* samples/sec. = 10,000 He.

Part A : Caiculation of the required design specification of digital filter :
We have the equation to convert continuous frequency (F) into discrete frequency (f). Tt is,
| f | £ "
F "% T F

5 §



Secin. :  Given,

Cut-off frequency = Fc =1kHz
and sampling frequency FS = 10 kHz
~ Sampling time T_ = !

Given transfer function is,

stage

1
H{s) —_—
32+\|'25_~+ i

) 2 . '
Here we will assume ;— = 1 because in BLT we have to put s =

T

5

2 wil! cancel.

T

5

H

o =t 2 1
an 2

'2ﬂ><]x103]
an | ——————

2x10% 107
Q =032
P
Now we will use frequency transformation as follows :
H (s) = H(s)
§=—-
o
- B
H (5) = - —
s V0= s
{0.324 ] N2 o [P
/A
(0.324 )
H (s} = 2
s+ 2 5x0.324+(0324)
2
. (0.324)
H(s) =3 2
"+ 0458 +(0.324)

Using BLT we can obtain H ( Z) as follows :

"H(Z) = H'(s) 5 (71
§ =
TS{Z+1)

fE
—_

But we have assumed -1;2—

5

2)

Z-1 '
—Z—{v—»v} 50 in the final

-
?
—t

{4



H(Z) =H*(s)| 71
S'[z+1}

Thus Equation (4) becomes,

) 0.324 )2
Z-1 Z
+0458 +(0.324
Bt | rosm( 3 Jromer
‘ (0324Y(Z+1)°
H(Z) = 2 2 2
(Z-1)2+0458 (Z-1)}{Z+1)+(0324)2(Z+1)
H(Z) = 0.1049 Z* +0.2099 Z + 0.1049
72 =27+ 1+0.458 Z% - 0.458 + 0.1049 Z2 1+ 0.2099 Z + 0.1049
2 .
H(Z) - 0.1049 72 + (.2099 Z +0.1049

1.563 2% - 1.79 2+ 0.647

To convert it intc negative powers of Z, multiply numerator and denominator by 772

0104922 4020997
0.64727%-1.79"






