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1.3  Radix-2 Decimation In Time (DIT) Algorithm (DIT FFT) :

‘To decimate means to break into parts. Thus DIT indicates dividing (splitting) the sequence in
time domain. The different stages of decimation are as follows :

First stage of decimation :

Let x (n) be the given input sequence containing ‘N’ samples. Now for decimation in time

we will divide x ( n.) into even and odd sequences.

x(n) = f(m)+f,(m) (1)
Here f; (m) is even sequence and f, (m) is odd sequence ‘
' N
fl(m) = x(2n), m = 0, 1,_...—2-—1 (2)
and fz(m) = x_(2n+1), m = 0, 1,...,%1——1 _ , .(3)

Input sequence x (n) has ‘N’ samples. So after decimation; f; (m) and f, (m) will contain

N samples
p Sampies.
Now according to the definition of DFT,
N-1
X(k) = Y, X(n) W ()
‘ n=0

Since we have divided x (n) into two parts; we can write separate summation for even and

odd sequences as follows :

X(K) = % xmW ¥ x(mwy (5
' neven n odd



The first summation represents even sequence. So we will put n = 2m in first summation.
While the second summation represents odd sequence, so we will put n = (2m-+1) in second

summation. Since even and odd sequences contain > samples each; the limits of summation will be

fromm:Otog—l. :

N N
5—1 -5—1
X() = 'y x.(2m)W12\I > x(2m+1)Wk(2m+]) .(6)
m=0 ] m=O
But x (2m) is even séquence, S0 it is flv(m)and x (2m+1) is odd sequence, so it is fz(m).‘
%—1 - 1}1
‘ 2km 2km k
X() =y HmW T g L mWT W
“m=0 : m=0
N_, .1\1_1
2 . Wz km 2 2)
X(k) = f(m)( ) f(m)( D
: 2 1 N 2 "N
m=0 m=
Now we have le\I = Wy,o ‘
o J-1
: o km k p km
X(k) = 2 fl(m),WN/2+WN Z fz(m)WN/2 ..(8)
m=0 m=0
Comparing each summation with the definition of DFT, ‘
X(k) = F](k)+Wl; F,(k), K=01, vy N =1 . (D)

We will consider an example of 8 point DFT. That means N = 8.
Here F, (k) is % point DFT of f; (m) and F, (k) is %I— point DFT of f2(m). That means ,

F; (k) and F, (k) are 4-point DFTs.

) k ; .
Equation (9) indicates that F, (k) is multiplied by W and it is added with F; (k), to obtain
(4 + 4) i.e. 8-point DFT. Graphically Equation (9) represented as shown in Flg G-1.

Remember that in Equation (9), K varies from 0 to N—1 (i.e. 0 to 7 for 8 point DFT).

ST
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Fig. G-1 : Graphical representation of X (k) = Fi(k)y+ WN Fy (k)

Now F; (k) and F, (k) are 4-point (g] DFTs. They are periodic with- period % Using

periodicity property of DFT we can write,

. N

Pl (k+—2—J

o N
cand '_Fz(k-l-?]

Replacing k by k +—1; in Equation (9) we get,

F, (k) ~ : . .(10)

Fz(k) .(11)

, N
N N +5 N ;
N EAl 2 =
X[k+2] Fl[k+2]+wj; Fz[k+2j .(12)
N
Now we have, Wk+ 2 = —Wk
N N
NY _ N wk N
er+5 = F] k+2J WN Fz(k+2J u ..(13)
Using Equations (10) and (11) we get, ,
N k L . ’
X[k+§J = F1(k)_WNF2(k) (14)

- Here X (k) is ‘N’ point DFT. We can take k = 0 to %— 1 then, by using Equations (9) and

(14) we can obtain combined N-point DFT.



X (k) = Fl(k)+WNF2(k),' k=0,1..5-1 "'(15),
N k N v
and X|k+3 | = F(k)-W F,(k), k=01, ..5-1 ..(16)

We are considering an example of 8 point DFT (N = 8). So in Equations (15) and -(16), k .
varies from 0 to 3. Now putting k = 0 to 3 in Equations (15) and (16) we get,

X(0) =F1,(0)+W;F2(0)
X(1) =F1(1)+W11\I-F2(1) Y

X(2) =F1(2)+WIZ\TF'2(2)

X(3) =Fj (3)+ Wy F,(3)
and X(O+4v)=X(4)=F1(O)—W?\IF2(O)
X(1+4)=X(5)=F1(l)—WII\IF2(1) ; | (18)

X(244) =X (6) = F (2)- Wy F,(2)

X(3+4)=X(7)=F (3)~WyF,(3)

The graphical representation of first stage of decimation for 8 point DFT is as shown in
Fig. G-2.
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In Fig. G-2, input sequences are
' f, (m)

x(2n) = {x(0),x(2),x(4),x(6)] -(19)
x(2n+1)={x(1),x(3’),x(5),x(7)} ...(20)

and f,(m)
That means each sequence contains -121 samples.
Second stage of decimation :

In the first stage of decimation; we obtained the sequences of length -I;- That means for
8-point DFT (N = 8); the length of each sequence is ‘4’ as gfven by Equations (19) and (20). We
discussed that we have to continue this process till we get ‘2’ point sequence.

We can further dcciniate f; (m) into even and odd samples. Let g;; (n) = f; (2m ), which

contains even samples and let gip(n) =1f; (2m+1), which contains odd samples of f; (m).

Note that here range of ‘n” and ‘m’ is from 0 to %— 1.

Now recall Equations (15) and (16). We obtained sequences X (k) and X[ k 4%J from

Fy (k) and F, (k). The length of each sequence was —1;— Here in the second stage of decimation;

we are further dividing the sequences into even and odd parts. So similar to Equations (15) and (16)
we can write; For F; (k),

| Ko N
Fi(k) = G (k)+W G, (k) k=01, g1 21
and Fl(k+zj = Gll_(k)-wN/an(k) kK=o, 1, g=1 (22)

Thus, for N = 8 we have the range of K, from K = 0 toc K = . tfere Gy, (k) is DFT of
g1 (n) and Gy, (k) is DFT of 812 (n). Now putting the values of ‘K’ in Equation (21) we get,

. 0 .

. ..(23)
~F1(1)=G“(1)+WN/2GI2(1)
Simila{rly from Equation (22) we. get,
Ff0+8)=F )6, (0)-W° G0y -]
1 +4 = 1( )-' 11( )~ N/2 12( ) I
‘ ¢
| ..(24)
J

a(1+§J=FM3)=Gn<U—“§QGn<U



Here the values of K are ‘0’ and 1. That means it is 2-point DFT. Thus Equations((23) and
(24) shows that we can obtain 4-point DFT by combining two 2-point DFTs. The graphical
representation 'is shown in Fig. G-3.
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Fig. G-3 : F{ (k), 5 point DFT
Note that here,
e () =£(2m) = x(4n) ={x(0),x(4)] |
and glz(n)=fi(2m+1)=x(‘4n+v2)={x(2),x(6)} J .(25)
Now similar to Equationé (21) and (22) we can write equations for F, (k) as follows :
F (k) = G, (K)+W* G_(k k=0,1,.. 31 26
.2( ) = G, (k)+ N2 5 (KD, =0, 1, .. -1 ...(26)
‘ N k N - N
and Fz[kJ“Z} = G21(k)—WN‘/2G22(k-), k=01, ""Z—l ..(27)

Here G,; (k) is DFT of g,; (n) and G,, (k) is DFT of gy, (n). The values of K are 0 and
1. Puttlng these values in Equatxon (26),

‘F2(0)=G21(0)+WN/2022(0) .(28)

Fy (1) = Gy (1)+ Wy, Gy (1)



Similarly from Equation (27) we get,

8) 0 ’
FZ[QfZ)=F2(2)=G21(O)—WN/2G22(0) }}
| | O .29)
8 1 |

The graphical representation of Equations (28) and (29) is shown in Fig. G-4.
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Fig. G-4 : F, (k), 3 point DFT
Note that here,
g (n)=f(2n) =x(4n+1)={x(1),x(5)}
' ‘ : ..(30)

gn(n)=f(2n+1)=x(4n+3)=[{x(3),x(7)]

Combination of first and second stage of decimation :
Combining Fig. G-3 and Fig. G4 in Fig. G-2 we get the combmauon of first and second
stage of decimation. It is shown in Fig. G-5.

N
At this stage we have 7 that means 2 point sequences. So further decimation is not p0551ble

As shown in Fig. G-5; we have to compute 2-point DFT.
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Fig. G-5 : Combination of first and second stage of decimation
Computation of 2-point DFT :  According to the basic definition of DFT,
; o k :
n
X(k) = Zox(n)WN, k:Q, i, ., N-1 : (31 .
n=

We will use Equation (31) to compute 2-point DFT. From Fig. G-6, consider the first block
of 2-point DFT. It is separately drawn as shown in Fig. G-6.
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‘Fig. G-6 : Block of 2-point DFT



Here input sequences are g;; (0) and g;; (1). We can denote it by gy; (n); where n varies

from 0 to 1. Now the output sequences are G; (0) and G;; (1). We can denote it by Gy (k);

where ‘k’ varies from O to 1. Here G;; (k) is DFT of g;; (n).

Thus for G;; (k) we can write Equation (31) as,
. i
G, (k) = X g, (MW", k=01
) n=0 ’
Note that this is 2 point DFT, so we have put N = 2.
- Now puiting values of k in Equation (32) we get,

1
. 0
Fork=0= G (0) = Y g (MW .
n=0
Bu W' = 1
2
1
G, (0) = 2 g, (n)
n=0

Expanding the summation we get,

(0) =g, (0)+g,

1
g n
Fork=1 =G (1)= 3 g (n)W
n=0
Expanding the summation we get,

N 0 1
G (1) = g, {0)W +g, ()W,

_i2m
We have W, = e N
PN
R (R . R - .
W2= e 2J=e =cost—jsint=—1-j0
_ ;
wo= -1 And W' =1
2 2

Putting these values in Equation (34) we get,

1)=g]1(0)~g

(32)

..(33)

..(34)

(35)



Using Equations (33) and (35), we can represent the computation of 2-point DFT as shown in
Fig. G-7. This structure looks like a butterfly. So it is called as FFT butterfly structure.

941(0)
x(0)

1

G1(0)

gu(1) :
x(4) e

Gy4(1)

Fig. G-7 : FFT butterfly structure

- ’ 0 .
Now we know that W ) = 1, Thus we can modify Equation (33) and (35) as follows :

G (0) g11(0)+W2g11(1), | : | ....(.36)

and G, (1) = g“((})-WZgll(l) 37

This modified butterfly structure is shown in Fig. G-8.

911(0)
x(0)

yl

() W,
o x(4) : 1

Fig. G-8 : Modified butterfly structure

Sirﬁilérly for other 2-point DFTs we can draw the butterfly structure.

Total signal flow-graph for 8-peint DIT FFT :

The total signal flow graph is obtained by interconnecting all stages of decimation. In this
case, it is obtained by interconnecting first and second stage of decimation. But the starting block is
the block used to compute 2-point DFT (butterfly structure). The total signal flow graph is shown in
Fig. G-9. :
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x[4] X[1]
x[2] X[2]
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Fig. G-9 : Total signal flow graph for 8 point DIT FFT



Prob. 1 : Compute the eight-poiht DFT of a sequence.

x(n)= { ; ; ; o 0,0,0, 0} Using in-place radix-2 decimation in time FFT

algofithm
Soln. :  This flow graph is shown in Fig. G-10.
'Here sy (n) represents output of stage - 1 and s, (n) represents output of stage - 2. The

different values of twiddle factor are

w o= =1
8

J
W = e *=0707-j0.707

8
2- _J';E
WS = e =—]
WZ = 07070707
Output of stage - 1 :
v ; ]
5,(0) = X(0)+W8x(4)——+1(0)—-§.
0 1 1
(1) = x(0)=Wx(4)=3-1(0) =5
s, (2) = 3«7)+W0x(6)=1+1(0)_l
1 S 8 2 2
o S W 1 1
5,(3) = x(2)=W_x(6)=5-1(0)=7
s (4) = x(1)+W x(5) Lii0y=12
1 )" 3 _'2 AN )_2
C (8 = Ww° _1_ _1
5,(5) = x(l) Wox(5)=5-1:(0)=3
6) = x(3)+Wox(7)=t+1-(0)=2
Sl( )_ X( ) 8 _2 _2
o W 1 1
s,(7) = x(3)-W x(7)=5-1:(0)=73
Output of stage - 2 :

5,(0) = s, (0)+w 51(2) —;— [%J:l
5, (1) = s(1)+Ws(3) % %
.s2(2)=sl(0) W9\2)=% -}/1-=0



Stage 2
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5,(3)

5,(4)
5,(5)
5,(6)

s,(7)

~ Final output :

X (0)

X(1)

X(2)

- X(3)

X(4)

X(5)

X(5)

X(6)

X(7)

5,(1)-Wos (3) = S+is
s(4)+Ws(6)=% =1
‘s<5)+Ws(7)—%—%
5, (4)-W.s, (6) = 7-5=0
5,(5)- Wzs(7)—% %

. ,
52(0)+.w852(4);1+1=2

1 1 .1 . (1 .1
52(1)+W882(5)-(2—J§J+(0.707—]0.707)(—2-—32]

05— 1.207
5, (2)+ W5, (6) = 0+(=§)(0)=0

s2(3)+wzs2(7)=(l ]+( 0.707 - ]0707)[ +15)

(%+j%}+(0—j0.707)=0;5—j0.207

.0
5,(0)=W s)(4)=1-11=0

52-(1)—W;32(5)

1 .1 . 1.1
[2—12)—(0.707—10.707)£2 Jz)

[%—j%)—(—mon)

0.5+ 0.207

52(2)—Wzsz(6)=0+j-(0)=0

sé(?’)—WBs (7)

(1+32j (-0.707 - 10707)( +J%J

\



1 1Y) oo s .
(2+32]+0ﬂﬁj—05f1121

Thus, ‘ ' k ,
X (k)

i

(X (0),X(1),X(2),X(3),X(4),X(5),X(6),X(7)}

5-1.207,0,0.5-]0.207, 0, 0.5 +j (






