[ecture - 17

Z-Transform
Properties



1.3  Properties of Z-transform :

In this section we will discuss different propertieé of Z—transfdrni. bThese br’dpertie.-sv are -
applicable to both double sided as well as single sided Z-transform.

1.3.1 Linearity :
Statement : 1t states that if x (n) = a; x; (n) +2, %, (n)
zZ Z
and if xl(n)eﬁXl(Z)andxz(n)eaXz(Z)then,
Z
x(n)<——->X(Z)=aIX1(Z)+a2(X2(Z)

Where al and a, are constants.



Proof : 1 According to definition of Z-transform, -

oo

X(z) = ¥ x(n)Z7" ' (D)
n=-—oo
"Here x(n) = alxl(n)-l-_azxz(n)
X(Z) = ¥ [a,x, (n)+a,%,(n)]1Z 7" -2

Writing two terms separately we get,

X(Zy = Y alxl(n)Z_n+Z az-xz(n)Z_n
n=-—oo ' n=-

Here a; and a, are constants. So we can take it outside the summation sign.

X(Z) = a le(11)z‘“+azzx2(n)z‘“ .03)

n=—co n=—oo
Comparing Equation (3) with Equation (1) we get,
_ _ X(Z) = a1X1(Z)+a2X2(Z)
Comment on ROC :
‘ The combined ROC is the overlap or intersection of the individual ROC’s of X‘1 (Z) and
X, (2.
Use of this property :

We can express the given signal in the form of sum of two or more elementary signals. Then
find their individual Z- transforms and add them. This will simplify the solution.

s that Z- transform of linear c
transform. While the ROC o
vergence of X, (Z) and X; (-

kit te

Solved Problems on Linearity Property :

Prob. 1 : Determine Z2 transforrh of
x(n)=(n+1)u(n)

Soln. : The given function is, :

(n+1)u(n)

x(n) =

x(n) = nu(n)+u(n) (1)
Let kxl(n) =nu(n)andx2(n)=u(n)

x(n) = x, (n)+x,(n) » (2

Here nu (n) is ramp sequence. We have standard Z transformpair,'



V4

Now recall the standard Z-transform pair,

nu(n) ¢« -—~—5 ROC:1Z1>1
‘ (Z2-1)
Z.
X (Z) = Z{nu(n)}=—"—,1ZI>1 ~(3)
v . (Z-1)
Now u(n) is a unit step and we have,
z Z
u(n) - —— ROC:1Zi>1
: ; 1 Zz . i
X,(Z) = Z{u(n)j=-=7 ROC:1ZI>1 -(4)
From Equation (2) we can write, ' .
X(Z) = .Xl(Z)+X2(Z) .5
Putting Equations (3) and (4) in Equation (5) we get, -
B . o ¥
Thus ROC is exterior part of unit circle as shown in Fig. U-17.
_ Fig. U-17
Prob. 2 : Determine Z-transform and ROC of signal :
x(n)=[3(4")-5(3")]u(n)
‘Soln. : Let us bring it into the knbwn form that is,
x{(n) = alxl(n)'fazxz(n) (D
x(n) = 3(4")u(n)-5(3")u(n) 2y
Comparing Equations (1) and (2) we can’write,
x,(n) = 4"u(n) and X,(n) = 3u(n).
Thus using linearity propérty, L ,
X(Z) = SXI(Z)—SXZ(Z) (3



Z 2z

o u(n) <——->-Z—- and ROCis 1Z| > 1ol
Here x (n). =4“u(n) s a=4 N
, _ ‘
X (Z) = = ROCIZ! > 4. - (4
(Z) = 7 4 “
And xz(n) =3"u(n) Loo=3
X, (Z) = 2—23 ' ROCIZI>3 (5)

Putting Equations (4) and (5) in Equation (3) we get,

ROC :
For X, (Z),ROCis |Z| > 4 and for X,(Z), ROCis |ZI > 3. Now we have to decide the
common ROC such that both X,;(Z) and X,(Z) will convefge. We have discussed that the

combined -ROC is overlap or intersection of two ROC’s. The common ROC is 1Z1>4 . Itis as
shown in Fig. U-18. '
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Fig. U-18 : ROC of given signal



Prob. 3 : Determine the Z-transform and sketch the ROC of :

Soln. :  For the range n>0, we will get a causal seciuencc and for the range n<0, we will get

anticausal sequence. Thus the given expression can be written as,

1Y 1y"
x(n) = (g]u(n)+(zj vu(—n—_l) (1)
The known form of sequence x (n) is, ‘
x(n) = a )'(L(”n)+a2 x2‘(n) - -(2)
Comparing Equations (1) and (2) we get,
. 1 n . 1 —n R
xl(.n) = (g]u(n) apd xz(n) = [EJ ‘u(-n-1)
Using linearity property, o .
‘ X(Z) = X, (2)+X,(Z) ..(3)
We have standard Z-transform pair for causal sequence.
Z 7z ; _
a’u(n) «— 7o ROCis 1ZI > lal
S LY 1
Here xvl(n) =[§)u(n) 7 S0 =3
' ; z . 1
X (Z) = —7 ROCis [ZI > 3 -4
L Z___
3
Now X, (n) = J u(- n—]) ..(9)
Recall the standard Z-transform pa ir for anticausal sequence,
—ou(-n-1) e—> Z_ ROCis I1Z] < lol
Z-o0 ’



From this we can write,

y4 .
+o®e(-n-1) *—ﬁ—*z“z—& ROCis iZl < lal

Now Equation (5) can be written as,

X,(Z) = === . ROCis 1Z1 < 121 (6

ROC :

For X, (Z), ROC is 1 Z] > %‘and for X, (Z) ROC is |Z1 < 2. We know that the combined
ROC ‘is overlap or intersecticn of two ROC’s. This ROC is shown in Fig. U-19. Thus combined

ROC is <lZi<l2l.-
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Fig. U-19 : ROC of given sequence

Prob. 4 :  Find Z transform of following function along with ROC, x (n) =a"u(n)+&(n~ 5 ).
Soln. : The given function is,

x(n) = a"u(n)+8(n-5)

Let x,(n) =a%u(n)

and x,(n) d(n-5)

x_(n) = xl(n)+x2(n)

First we will calculate Z transform of x; (n).

Z

We have, Au(n) «— zZ . ROC:IZI>lal
. —a

z{a"u(n)} = ><1(Z)=7Z . ROCIZI>lal

4

Now we will calculate Z transform of x, (1).

‘We have standard Z transform pair,
Z

S(nb—k) s 77K, ~ ROC : Entire Z plane except Z = 0.
z{8(n-5)} = X,(Z)=2"% ROC : Entire Z plane except Z = 0.

From Equation (4) we can write,
X(Z) = X (2)+X,(Z)

The combined ROC is [ Z1>1al.

(1)
(2
e
(4



Prob. 5 : Determine the Z-transform of V:
x(n) = (coswyn)u(n)
Soln. :  According to Euler’s identity we have, ,
18 1 -8

cos B = -2—e +§e
: _ lj(oon 1 —'j_(oon
cos@n = 7€ +2e
jon -jon )
x(n) = le 0 u(n)+—1—e % u(n) , . (D
2 ‘ 2 ‘
Now we have the known form, ;

x(n) = alxl(n)+a2x2(n) .(2)

Comparing Equations (1) and (2) we get,

— jmon . h . —_ 1
xl(n)— e.., o , hereta =5
d = Tiop h 21
an xz(n) = e , ere a, = )
Using Linearity property we get, '
X(Z) = a1x1(2)+a'2X2(2) C0)
7 .. . jon 7 jo \U
Here x (n) = % u(n):(e 0) u(n)
Recall the standard Z-transform pair,
: zZ 7z .
o’u(n) = ROCis 1Z1 > lol
Here o = € 0 Thus we get,
X, (Z) = ij ROCis  1Z1 > 1% @
Z—e 0
-3 -1 n
Now x2(n) = e ]monu(n):(e on) u(n)
Here o = e '
X,(Z) = %Jw ROCis 1ZI > le o . (5
Z—-e 0
Putting Equatipns (4) and (5) in Equation (3) we get;
Z -7
X(Z) = alZ—ejw0+a2 Z—e_jmo



.(6)
ROC :
For X, (Z), ROC is 1Z| > 1™
i0
We have e” = cos® +jsin 0
ejm0 = cos @, +]sin o
= C0S®, +)smam,
Now 1€“1 =V cos? o)o+sin2 ®, =1
Thus ROC is 1Z 1> 1 |
. In(@)_
Similarly for X, (Z), ROC is 1Z| > ¢ ™" | " I
—jo B . o : . : \ \
We have, e "0 = cos)—jsinw, | . ?»— N
) ) D 7 \\
: Thus - l e % ! =V cos’ o, +v_sin2‘m07=A1~ \ A »Re(@)
Thus ROC is 1Z 1 > 1 o A
So the combined ROC is |Z[> 1. ‘ £ \
This is shown in Fig. U-20. i

Fig. U-20 : ROC ofx(h): (cosogum)u(n)

This is a standard Z-transform pair.

We can further simplify Equation (6) as follows.

We have ejmo = cos @ +j sin @ and eﬁjo.)" = COS (), —] sin o),

Putting these values in Equation (6) we get,

1 2 + Z
ZLZ¥(cosm0+jsinc00) Z —(cos &~ sin @, )
Consider the first term inside the bracket, ‘

Z Z

Z—(cosco0+jsin(oo) Z—coscoo—jsina)o.

X(Z) = @)




Rationalizing the equation,
Z(Z—cosoa +j sinm )

(Z cos @, jSm(D ) (Z—cos o+ sin @)

Z(Z—cos(o6+jsinm0)

2 o . s . . 2 .2
VA —Zcosm0+JZsmm0~Zcosc-Jo+coszc)0—]sm(nocosmo—JZsmcooﬂsmw cos W, —j  sin” ®

0 0 0

Z(Z—cosm0+j sin 0)0)

(&)

7% -2Z cos w,+ 1

. [ Here i = 1 and sin o+ cos” @, = 1]

Now consider second term,
Z Z
Z—(coscoO—Jsmmo) Z_—cosmoﬂsmm0

Rationa]iiing the equation.
Z(Z cos & —JSII]OJ )

(7 cos o), +Jsmm YW(Z - - COS )~ ]smm)

Z(Z—cosmo—-jsin,u)o)

= (9
22—2Zcosw0+l :

Puttmg Equat10ns ® and (9) in Equation (7) we get, ‘
1 Z(Z- cos @ +]smco ) Z(Z—cosmo—jsinu)o)]

X(Z) = + 3
2| 2-2Zcosa,+1 2% 27 cos @, + 1 J
" 52 o , 72 R ]
11 Z —Zcosm0+_|Zsm(nO~rZ —Zcosmo—]ZsmmO i
X(Z) = 3 .
2 7’ -2Zcos @, + 1 J
1| 222-2zcosw, |
X(Z) = 5l o2
Z-~22cosco.0+1
-2
: A‘—Zcoscoo
X(Z) =

22—22cosm0+1



Therefore the standard Z-transform identity .is, a

22 —-Z cos o,

>22—2Z Cos @ + 1 ’

Prob. 6 : Determine Z-transform of :
‘ x(n) = sinoygnu(n)

Soin. : we can obtain Z-transform of sin (x)onu(n) similar to the last problem using Euler’s

identify. This problem can also be solved using another method, which is more simple.

We have standard Z-transform pair,
) ‘ V4

o"u(n) «— Z ROCis (ZI > lal ' e
: S Z-o
Let oo = ¢ . Thus we can write,
z{™um} = —E5 C ROC: 1Z1 > 18] -2
Z—-€ - :
But we have, 0" = cos 0)0:1+j sin @, n

Putting this value in Equation (3) we get,

Z{cosm0n+jsinu)0n} = Z — = Z —
Z——(cosmo+1sm'(1)0) Z—coswo—]_smcoo

Z(Z.—cosmo+jsmu)0) ,

(Z—cosc')o~j sincoo)(Z—cosu)O+jsin0)0)

, Zz—Zcosm0+stin0)0
Zr{cosa)onﬂ sm(oon}

Il

ZZ—ZZcoscoO+1

2 .
Z°—7Z cos ®, ' Z sin 0,

+] (3
7% - 2Z cos o + 1 Z* - 27 cos o + 1 ®

Z{coswon}#—Z{j sinmon}

, Comparing imaginary part we get,

. jZsin ®
Z{jsincoon} = — o
: Z"—2Z cos (o0+1
Z sin . » .
Z{sincoonjk = — 0 ROCis 1Z1 > 1%
Z°-2Zcosm,+1

Similarly comparing real part we can obtain Z-transform of cos ®,n. Now ROC is

1Z1> 10 1. But we know that €01 = 1. Thus ROC is |Z1 > 1. This is a standard Z-transform

pair.



1.3.2 Time Shifting :
Statement :

- Z
If x(n) - X(Z)

.
then x(n-k) «— Z7¥X(Zz)

The ROC on—kX(Z)'is same as that of X (Z) except fer=0ifk>0andZ=oo _

fk<oo o o

Proof :  According to definition of Z-transform,

"zh(m};>QZy= z‘x(mz““ | e
. N o ,
Then Z{x(n—k)} can be written as,
z{x(h—kﬂ = Y x(n—ka‘“ ‘ (2)
n=-o '

Now Z ™" can be written as VAR A G DI A VT Equation (2) becomes,

Z{x(n-1} = Y x(a-k)z~ (7K.

n—=-—o0

Since the Limits of summation are in terms of ‘n’ we can take Z ¥ outside the summation sign.

Z{x(n-x)} = 275 ¥ x@-k)z "B | -3
n=—oo
Now put n—k = m on R.H.S. The limits will ¢change as follows.
at N = —oo,—co—k=m=m=—0c"

at n = +oo OO—k":mﬁmzoo



z{x(n-k)} = z7* ¥ x(m)z™™ e

‘ m=-co '
Compare Equation (4) with Equation (1),

~ Z{x(n-x)} = z7¥x(z)

Solved Problems on Time Shifting Property :

Prob. 1 : Find the Z-transform of :
; x(n) = &(n-k)

Soln. : ‘

' : z

We know that 8 (n) is unit impulse and Z{S(n)} =1 that means 6 (n) «— 1

- According to time shifting prépe;ty we have,
7 .
x(n-k) «— Z°XX(2)

ROC : Entire Z-plane except Z = 0.

Prob. 2 : Find the Z-transform of ;
S x(n) = 3(n+2)



. Solh. :  We have,

Zv
6(n) «—'1

Using time shifting property we can write,
Z
x(n+k) - Z*%x(2)

ROC : Entire Z-plane except Z=oo

Prob. 3 : lItis given that :

X, (n) = (1,23 4,0,1)
« . T
Using time shifting property find Z-transform of X, (1) where :
X (n) = {1,2 3,4,0, 1}
_ T
Soin. : Comparing the given sequences, we can cOhéIﬁde that xzv(n) is advénced‘vefsion of

X, (n) and the advance is by two units.

xz(n) = xl(n+2)

(1)
According to time shifting property
z
x(n+k) - Z¥X(2)
'z
x(n+2) «—Z°X(Z) (2

Now we will obtain X, (Z)
Here xl(n) ={1,2,3,4,0, 1}
T

According to definition of Z-transform.

o0

XI(Z)=‘ Y x(m)z"

N=—o0



Here range of sequence x (n) is fromn=0to 5

. 5
X(Z) = Y x(n)z™"
' n=0
Expanding the summation and putting the values of x (n) we get,
X (2) = 1Z2°4227'+32 244277 +0+127° 0

Using Equations (1) and (2) we can write,

Z{xz(n’)} = zf[1+2z*1+32"2}42‘3+2‘5]

"ROC :  This is two sided finite duration sequence. Thus ROC is entire Z-plane except Z = 0
and Z = oo, ‘

Prob. 4 : Determine the Z-transform of the following finite duration sequence

_]J1 for0 &£ n<N-1
"(”)‘{o otherwise

Soln. :  Since the magnitpde of x (n) is 1, it is an unit step but having a finite duration. This
signal is generated from unit step as shown in Fig. U-21.
Thus the given signal can be expressed as,
- X(n) = u(n)-u(n-N) (D)
Here u(n) is unit step and u(n—-N) is delayed unit step.

According to linearity property the Z-transform of Equation (1) can be written as,

| X(2) = z{u(m)}-Z{u(n-N)} 2
We know that Z-transform of unit step is, |
Z{u(n)} =L1 ,. “ROC:IZ|>1 ..(3)

Now consider second term u ( n—N). It is unit step delayed by ‘N’ samples. According to
time shifting property we can write, ;

Z{u(n-N)} = -N._Z_

: ROC 1Z1.>1 (4
Putting Equations (3) and (4) in Equation (2) we get,

z zNz za-z7%)
Z-1 z-1  Z-1

X(Z) =



1
i
]
I
1 N
I I R X
! o
| od § i
: TTITT
i 1e-0—¢-9-9——@
i !
»n
| of 1234 N
|
! O =
AN
' [ _u(n-=N)
i
L}
i
1
1 1 1
| o
§ T
!
—_ »n
! o § ¥ 8 % NNaNe
i
L1 -
U
4 u(n)=utn-N)
11 1
1909 ¢
. g
o 1 2 4--F N

Fig. U-21 : Generatien of x(n)

This is standard Z-transform pair

:nof several signals has finite duratlon then ROC i
y of the signal and not by the ROC of individu
t step and-it is causal. So its ROC is entire Z plan

Prob. 5 :

Express the Z transform of
n

Sy(n) = 2 X (k) infermsofX(Z).

K=—o0




Soln. :  The given expression is,

n
y(m) = X x(k) - A1)
| k=m0
Let us expand the summation
y(n) = x(=o0)+..+x(0)+x(1)+...+x(n—1)+x(n) 2
Replace ‘n’ by ‘n—1’ in Equation (1) ‘
n—1
y(r-1) = 3 x(k) : , -(3)
. k=-—co
Expanding Equation (3) we get,

y(n—-1) = x(—e)+..+x(0)+x(1)+...+x(n-1) )
Subtracting Equétion (4) from Equation (2) we get, '
y(n)-y(n-1) = x(n) - )|
Taking Z transform of both sides, » ’ v
Y(Z)-2"'Y(Z) = X(2)

Y(z)[1-27'] = X(2)

)= Y(Z)[]

1.3.3° Scaling in the Z-domain (Multiplication by Exponential Sequence) :

yA :
 Statement : fx(n) e« X(Z) . ROC:r1<IZI<r2
z Z
thenanx(n)e%X(ZJ ROC :lalr <IZI<lalr,

For any constant ‘a’ real or complex.
Proof :  According to definition of Z-transform.

Z{x(m)} = X(2) = Y =x(n)Z27" (1)
n=-—o0 ) : T
z{@x(n)) = ¥ ax(n)z®

n=-—oo



o] o0

Y xaz "= Y x(n)(a'zy"

n=-—oco -l ==—o00

Z{ahx(nv)}

5
Nl
e
~~
=
» [N

(2)

Comparing Equations (1) and (2),
Z { a"x(n )} = X

Z
a

ROC : ROC of X(Z) is r]<IZI<r2
. Z - Z
To obtain ROC of X a2 replace ‘Z’ by 2

<l'2

.domain corresponds to shrinking ‘ot
riplex variable one can change scale

Solved Problems on Scaling Property :

Prob. 1. Obtain z-transform of x (n)=a"u(n) using-scaling property.
Soin. : Here u(n) is a unit step. Its Z- transform is,
' Z
Z = ROC:1ZI>1 : (1
{um)} = —= M
According to linearity property we have,
Z

® [N

a"x(n) «— X( ...(2)

\



e i e e T

Let x(n) = u(n). Thus Z{a“X(n)} = Z{a“u(n)} is obtained by replacing Z by % in
Equaﬁon (D).

Z/a
Z/a-1

Z{anu(n)} = ROC >-1

» [N

We have already obtained Z-transform of this sequence. Thus using scaling property, same
result is obtained. C ’

Prob. 2:  Optain Z-transform of x (n) = a" cos @gnu(n).

Soln. :  We have already obtained the Z-transform of cos @, nu(n).
Recall that r_esult,

_ ZZ—ZcoscoO
Z{cosop u(n)} = — : ROC : 1Z1> 1 Y
2" —-2Zcos o, + 1 :

According to scaling property we have,
. 7 , |
a"x(n) «— X 5 V : (2
Remember that whenever we use scaling property; we will have to replace Z by % in the
equation of X ( Z). Thus replacing Z by % in Equation (1) we get,

>\
7 .
— | =} — |cOs M,
a a

>1

® N

2

Z{a"cosu) n} = - ROC :
Z) o[ 2 \cos, +1
a 0

i

Here ROC is |Z| > lal. That means it is exterior part of circle having radius r = a. This is
shown in Fig. U-22. ‘
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Fig. U-22 : ROC of (a" coswyn)u(n)

Prob. 3 :  Find Z transform of x (n) and draw‘itsrv ROC,
. 0 0
x(n)_{(O.S) sin Ju(n)

Soln. : The given function is,

x{(n) :

[(O.S)HSin%Ju(n)

) x(n) = (O.S)nSinn_;l"u(n)

We have standard Z transform» paif,

zZ Zsin
sinu)onu(n) > —
Z°—27Zcos (00+1

ROC : 1Z1>1

Consider the term sin %u (n). Here, let o, = % Thus Equation (2) becomes,

mn . L Zsin% _
sinTu(n) — . ROC :I1ZI>1
ZZ—ZZcosE+1 : ’
4
Z{sinp—nu(n)} = Az ROC:1Z1>1
4 7214147 +1

According to the scaling property we have,

a'u(n) - X(%]

(1)

Q)

.3)



- Here a = 0.5. Thus Z transform of given function, x (n) is obtained by replacing Z by %
that means by 2Z in Equation (3) we get, : :

Z{[(05)“an%§]u(n)} - I (2) ROC : 12215 1

(2Z)2-1414(2Z)+1

Thus ROC is exterior part of circle having radius % as shown in Fig. U-23.
(@)
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Fig. U-23

Prob. 4 :  optain z-transform of x (n) = a" sin wynu(n).
, Soln. :  We have already obtained Z-transform of sin @ n. Recall vthat result,

Z sin o,

7% 27 cos 0, +1

ROC:1Z1>1 (1)

Z‘{sinmonuk(n)} =

Here we have,

x(n) = a"sin wpnu(n). Thus according to scaling property, X (Z) can be obtained by

replacing Z by % in Equation (1).

Z{a"sinmonu(n)} =




Dividing numerator and denominator by a? we get,

Prob. 5 : Find Z-transform and sketch the. ROC
x(n)=(-1)"2"u(n)

Soln. : Given x(n) = (-1)"2""u(n)
1 . .
x(n) = (-1)" u(n)
o)
. 1Y
x(n) = (—Eju(n) (1)
‘Here u (n) is unit step and its Z-transform is given by,
Z -
Z = —— ROC:1Z1>1 -2
fum} = 2= 2)
According to scaling property, we can write,
Z/a Z I
z{a® [ ROC | £1 > 1 e
{a u(n) 7 /a1 a| (3)
Observe Equation (1). Here a = — 1/2. Putting this value in Equation (3) we get, . '
n
1 _ Z/(=1/2) 1
Z{[_Z} u(n)}— 7N i : ROCIZI> -3
-1/2 o
- =2 . gocizi>|-1
-2Z-1 -2
n L .
Z _1 u(n)¢ = 2z " :ROCI1Zi>1/2
2 27 +1
Thus ROC is exterior part of circle having radius r = 1/2.
Prob. 6 : Determine Z-transform including ROC of the following,
1 n
x(n) = (Ej {u(n)y-u(n-10)]
Soln. : The given expression can be written as,
1Y 1Y
x(n) = (E)u(n)—[aju(n—lm (1)
According to linearity property we have,
X(Z) = a,X (Z)+a,X (Z) ..(2)



Recall the standard Z-transform pair,
; 7 , 4
d’u(n) — —— ROC:IZI>lal
Z-o
Consider first term of Equation (1),

Let, x](n,) = %Ju(n)‘

Using Equation (3) we can write,
- n

1 - 7 27 ‘ 1
= — = = — R 7 =
X,(2) Z{(z] q(n)} AT mol ROCHZI>y

Now consider second term of Equation (1),

n

Let xz(n) =15 u(n—lQ)

First we will obtain Z-transform of u (n-10)

Recall the time shifting property,
. Z
x(n-k) «— 27 %.x(2)

Now we have, -u(ﬁ) «—— ——; ROC:1Z!>1

. Z{u(n-10)} =‘z—1°(-zz—)‘; " ROCIZI>1
: -9 -
2 Z{u(n-10)} = Z—

According to scaling property we have,
A - x[Z2
Z{d x(n)} = X(a]

That means we have to replace Z by %.'

In this case, a = % Thus apply‘ing scaling property to Equation (6) we can write,

. : -9 ' _9
o [ e
1 : . RoOC: | -Z_
z{[a] R e wocs |
‘ 172 172

>1 .

w.(3)

@)

..(3)

(6)



z7%.(1
2 v 1
' = ;. ROC:1ZI>=
2Z-1 2
‘ ' v 1 9
{ 1y 2 - 1
X (Z) = 7 = u('n—IO) = ROC:1ZI> = (7
2 (2J 72(22-1) 2 @
- Putting Equations (4) and (7) in Equation (2) we get,
o 2
X(2) = =2 . ROC:IZI>i
2Z2-1 72(2z2-1) 2
9
27 %70 - %
X(Z) = — ,  ROC:IZI>:
Z2(22-1) 2
Thus ROC is exterior part of circle having radius r = 1/2.
Prob. 7: Determine Z transform and draw ROC of the following signal
x(n) = (2)"*2u(n-1). Is the signal causal ?
Soln. : ' The given signal is,
x(n) = (2)"?u(n-1)
x(n) = 2-2%u(n-1)
x(n) = 4-2%u(n-1) (1)
First'we will obtain Z transform of u (n—1). We have,
Z 7 '
u(n) - —, ROC:1Zi>1
Z-1
According to shifting property we have,
z z
u(n-1) - z*l[ﬁ], ROC : 1Z1>1
: 1
Z -1 = —, ROC : IZI>1
{un-1} = —— )



Now according to the scaling property, we have,
n — P
Z{a u(n)} = X a

Here a = 2. Thus applying scaling property to Equation (2).

| 1 |z
z{u(n-1)} = 77— ROC : IE >1

Z_q
2 .

o zZ{Pum-n) = =2 ROC: IZ15>2
Z-2 |

Thus for Equation (1) we can write,
z{4-Pu(n-1)} = 4.=2 "ROC : 1Z1>2

Z-2

Here ROC is exterior part of circle having radius 2, as shown in Fig. U-24. Since ROC is
exterior part of circle; the given sequence is causal.

TITK 5
\;
2
» Re {2}
N /
Fig. U-24
1.3.4 Time Reversal Property :
Z : ’
Statement : Ifx(n)«— X(Z) ROC : 1, <lZl<r,
z 1 1
Then x(-n)«— X(Z™ 1) ROC: —<IZI<—
) : 2 1

Proof : According to definition of Z-transform we have,

(2]

Z{x(n)} = X(2)= ), x(m)z7"

n=-—oo



s Zix(-myp = Y x(-m)z7" ' e
n=-oo
Put! = —n; the limits will change as follows :
when n = —oo,lr=ooandwhenn=oo,l=—oo.
wZ{x(-m)} = Y (7
=
Z{x(-m)} = Y xme™H | -2)
|=—0o0

Comparing this equation with the definition of Z-transform we get,

by z~ " is called as inversi
n.in the Z-domain.

£

Comment on ROC : ROC of x (n) is inverse of that of x (—n). This means that, if Z; belongs
to the ROC of x (n) then 1/Z is in the ROC for x (~n).

Given ROCist <I|Zl<r, Thus ROC of X (Z 1) is obtained by replacing Z by Z ™.

Thus ROCofZ™': 1, <I1Z7'l<r,

R I'1< ’é“ <r2
1Zi<Land1z1> L
5 )

Solved Problems on Time Reversal Property :

Prob. 1 :  Obtain the Z-transform of signal x (n) = u(-n).

Soln. : We have the Z-transform of unit step,
Z{u(n)] = 22—1 ROC:1ZI>1 (D)



According to the time reversal property,
z{x(-m} = x(z71)

Thus Z-transform of x (—n ) is obtained by replacing Z by Z lin Equation (1).

-1 .
z{u-m)} = Z—  Roc:iz7lis1
Multiplying numerator and denominator by Z we get,
, 1 —1
Z - = — ROC:I1Z7"I>1
{u( n)} 1~z

Here ROCisIZ 1 |>1

= >1that means 1Z| < 1.

.o

This is the standard Z-transform pair,

- Thus ROC is interior part of circle having radius r = 1. The circle or radius = 1 is also
called as unit circle. Thus ROC is interior part of unit circle as shown in Fig: U-25.

> Ry(2)

Unit circle

Fig. U-25 : ROC of u(-n)

Prob. 2 :  Determine Z-transform and ROC of :
1Y |
x(n) =(§] u¢-n)
1

We have Z{u(—n)}:ITZ -

Soin. :

ROC:1ZI<1



o n
Here the given signal is (%] u(—n). According to scaling property we have,

z{adx(n)} = x(%)

[ ST

That means we will have to replace Z by %. In this example a =

Thus, z{(

o

Thus ROC is interior part of circle having radius r = 1/2. This ROC is similar to Fig. U-22.
Only difference is here, r=1/2. ' \

Prob. 3 : The Z-transform of DT signal x(n) is given by x(n) z ZZ ROC 1Z1 > 2.
: < Z°+4
Determine Z transform and ROC of the following signals using properties of
Z-transform. v
@ 2°x(n) () nx(n) (i) x(=n) (V) x(n—4).
Soln. : o ' '
We have,’
Z
Ziu = —
{um)} = =
ROCIZI > 1
. -1
and Z{u(-n)} = ==
Z -1
roc1Z7 'l > 1
1



Dz (=) _Z-1
Z-1

1-2 Z-1 Z-1 Z-1

1
ROC Zl <1
ie.1l < |Z]
’ Z
s X(Z) = —/—
(Z) 71
ROC:I1Z1 > 1
X(Z) = Z
X(Z) = 1
Thus ROC is entire Z plane.
Prob. 4 :
@ x(n)=a"u(n-1)
(i) x(n)y=—-(a")u(n-1) .
Soln. :
@

x(n)=a"u(n-1)

Here u(n—-1) is delayed unit step. ‘Firs_t we \yill obtain Z { u(n-1) !
Now we have,

z{u(m} = 2=

Z-1
Applying time shifting property we can Writé?

Z{u(n-1)} = z7'x=%=
Now we have to obtain Z{a"u(n—i)}.

Applying scaling property we get,

z{@hun-1)) =
. ;——

_1=

Find Z-transform of following signals and comment on the resuits.

iy x(n)y=a"u(-n=-1)

(ivyx(n)==(a")u(-n-1)

J

ROC : 1Z1> 1
1 Rroc:izi>1
Z-1
rRoC: | £ 51

Thus ROC is exterior part of circle having radius,
(if) |

x(n)=anu(—n—1)

r=a.

(1)

- First we will obtain Z-{ u(-n-1 )}. Here u(—n) is folded unit step. The Z- transform of
“lded unit step is given by, ‘

\.Z{U(—-—n)}.: 1

ROC:1Z1I< 1
1-2



Now recall time shifting property, it is
z , , Z
If x(n) ¢«—> X(Z) then x(n-k)e—Z *X(Z).

Here we have folded sequence. For folded sequence this property can be written as,
Z
x(-n-k) «- Z'EX(Z)

This is because folded sequence is mirror image of original sequence.
Thus we can write,

Z{u‘(—n—l)} Z.+1-Z{u(—n)}

ROC:1Z1<1

Now we have to obtain Z{ a'u(-n-1) } Using scaling property we get,

Z/a ' Z
Z{a"u(-n-1)] = —— ROC: | = | <1
l&u(n-n)] 1-2/a
: _ 7z
T)}—a—Z w(2)
Thus ROC is interior part of circle having radius r = a.
i) x(n)=-a"u(n-1)
From Equation (1) we have,
z{a"u(n-1)} = =2 ROC : 1Z1 > lal
, Z-a :
Thus Z{-2"u(n-1)} = -Z'a ROC : 1Z1> lal
—a
(3

Gv) x(n)=-(a)'u(-n-1)

" From Equation (2) we have,

\

Z

z{au(-n-1)} = ROC : 1ZI<lal

a—7



..(4)

d (3) as well as (2
From the result of Z-fransf
n say that the magnitude
me domain, changes the |

1.3.5 Differentiation in Z domain :
Z
Statement : Ifx(n)<—f>X(Z)
Z
dX (Z)
then nx(n) «— _ZT

Proof : According to the definition of Z-transform,
X(z)y = ¥ x(n)z " . ‘ (D
. n=—o
Differentiate both sides with respect to Z,

X(Z) 4| w .
Tz T @ X )z

n=-—co
We can transfer d/dZ inside the summation’sign',

d Z [<} —'n oo ) _n—, =
%= > .diz[x(n)z 1= ¥ (=n)-x(n)Z !

INn=-—oco nN=—oco
“But Z™" ! can be written as Z""-7Z !

_dx“—d(zz') = X wxmz otz

n=-—co

Since the limits of summation are in terms of n ; we can take 7z~ 1 outside the summation.

dXTl(ZZZ =z Y (cm)x(m)z®

n=—oo



Taking negative sign outside the summation, '

- dX _ = ) : -
—*g(ZQ=, -z71 ¥ [nx(m))Z
) n=—oo
dX(Z2) : —n
O L LS iz
n=-—oo .
_z-‘% = ‘2 [nx(n)].Z—n : | B )
n=—oo .

(o2

Comparing R.H.S. with Equation (1), we can say that 2 [nx(n)]Z™ ™ is the

nN=-—o

Z- transform of nx (n). Thus Equaﬁon (2) becomes,

' dX (Z)
-7 K7

= Z{nx(n)}

Hence proved. Note that both transforms have the same ROC.

ce ‘in‘time domain by ‘n’ is equivalk: A
= ‘the °Z' domain.

Solved Problems on Differentiation Property :

Prob. 1 : Find Z transform and ROC of following sequence

x(n)=%8(n+1)+5[%)~ u(-n)+u(-n-1)
Soln. : The given expression is,
| | 1. "
x(n) = 58(n+1)+5 ) u{(n)+u(-n-1) (D
It can be written as, .

x(n) = xl(n)+x2(n)+x3(n) : . ..(2)

1 o )

nge x (n) =§8(n+1) — W



We have, 8(n) «— 1 ROC : Entire Z plane except Z = 0

According to time shifting property,

Z .
S(n+1) «— Z! ROC : Entire Z plane except Z = 0
Z{%ﬁ (n+1 )} = X1 (Z)==7Z ROC : Entire Z plane except Z = 0. (4

Now xz(n)

I

(9,3
N

— N _ DD [ e

|
=]

[

~~

=

N

x,(n) = 5-——u(n)=5——u(n)
2
L%, (n) =5 2u(n) ..(5)
We have standard Z transform pair, '
z 1 v
u(-n) <— ——, . ROC:1ZlI<1
1-Z
z2
a'u(-n) - — ROC:Zl<a
=3
Here a = 2
Z L
2"u(-n) «— — ‘ROC : {Z1<2
. 5 | |
z{s-2"u(n)} = ,X2(Z):1—Z ROC : 1Z1<2 (6)
-3 \

Now x3(n) = u(-n-1)

First we will obtain Z { u(-n) } Here u (—n) is folded unit step. The Z-transform of folded
unit step is, ' ‘
1
1-Z°
According to the time shifting property we have,

z
x(n-k) - Z7¥X(Z)

Z{u(-n)} = "ROC:1ZI<1



For folded sequence this property can be written as,
’ Z
x(-n-k) - 25X (2)

v Z{u(-n-1)} = z""-Z{u(-n)]}
+ zfu-n-n} =z ROC:IZI<
N Z -
Z{u(-n-1)} = X,(Z)=177, ROC:IZI<1l AT

The total Z-transform is obtained by applying linearity pfoperty to Equation (2).
v X(Z) = X(Z)+X,(Z2)+X,(Z)

Thus from Equaﬁons @), (6) and (7) we can write,

We have ROCs, |1Z| < 1 and 1Z| < 2. Thus combined ROC is |Z1<1 and it is shown in
- Fig. U-26.

._—— Unit circle

@ N R

Fig. U-26

Prob. 2 : Using differentiation property obtain the Z-transform of unit ramp sequence.

Soln. : We know that unit ramp sequence is given by,

x{(n) = nu{(n) (D
According to differentiation property we have, ’ '
‘ : : dX(Z)
Z{nx(n)} = ~Z= (2)

In this case we can write,

Z{nu(n)} = ~Z£Z~[Z(u(n))1 | L



e ——— e

ROC :1Z1>1

Wehave Z{u(n)] = —==
Z{nu(n)} = ‘Ziz[i“z—l]
Z{nu(m)] = -z (2)z-1"]
= -7 z.g‘z_[(z—l)“l]ﬂz-n‘ ddzz]
= —z[z(-1)(z-1y 2+ (z-1) ]
I Bt 2'+ 1 =_Z*_Z+Z_—§l
: | (z-1)" (Z2-1) (Z-1)
[ -1
= 7| ——
| L(Z—l)z,]
Z{nvu(n)} = ———Z———Z— ROC:1Z1>1
s (2-1)

This is the standard Z-transform pair. Earlier we had obtained the Z-transform of nu(n)
without using differentiation property. '

Prob. 3 : - Obtain the Z-transform of signal,

x(‘n)=na"u(n)

Sain. :
Let x,(n) = a"u(n) o x(n) = nx (n)
According to differentiation property,
' y2
nx, (n) &—=- Z X(Z) (D
In this case we can write,
{ I d -
Z{na"u(n)f = —Za—Z—[L{anu(n)}:! o)

Here the Z-transform of a" u ('n) is given by,

Z{(2"u(n)} = Z%a

Putting this value in Equation (2) we get,
o n . g4 Z
Z{na u(n)} ZdZ{:Z—a]

. Z{nau(n)] = ~zi[z (Z-ay ]

ROC : {Z]>lal

dz



%[(z a)y ]+(z—a)‘1-%z}
(Z-a)? (—1)+(z-a)“-1]

-7 + 1 -7 -Z+7Z-a
(Z-a) (Z-a)| (Z-2a)?

n
|
N

I

Z{na"u(n)}

—_— ROC : |Z|>Ial (3)

n obtain Z- transform of unit:ram
on (3) we get,

ROC:1Z1>lal

Prob. 4 : The z transform of DT signal x(n) is given by x{(n) z 22
: 7544

ROC 1z > 2.

-Determine Z transform and ROC of the following signals using properties of Z
transform.

M 2"x(n) (i)nx(n) @) x(-n) (V) x(n—4).
Soln. : '
@) 2%%<(n)
According to the scaling property.

a'x(n) %2_) 'X(%—J

Here X(Z) = Z

on 4 _.Z___
x(n) >— ROC >2

>

Z .
z{2"x(n)} = 22‘2 , ROCIZ1> 4

T+4



-(ii) nx(n)
According to the differentiation property,

z
nx(n) s —Z%X(Z)
- Z{ax(n)} = -—Z%{Zzi‘l}=—Z{Z(—1)('Zz+4)_2+(22+4)“1}
2 z 7*-7 |
Z{nx(m} = 7214 7244 4

The ROC remains same as X (Z).
Giii) - x(-n) o
According to time reversal property,

x(-m) 2 xz

Z—-l
(Z 1Y +4

Z{x(-n)} ROCIZ '1>2

1 . . 1
= ROC’Z >21,e.1>2!Z|1.e.IZI>2

z{x(—n)] ROCIZI>%

‘ 1+47?
@iv) x(n—-4)
According to time shifting property,

x(n—-k) (_Z_)TkX(Z)

' ‘al Z z 3
7z -4y = 774 =45
{x(n )} [Zz+4J ZZ+4

Since k = 4 which is greater than zero, ROC is same as X (Z) except Z = 0.

1.3.6 Convolution of Two Sequences :
. - - ° ! . Z N . . Z
Statement :  If X (n) - X, (2Z) and X, (n) X,(Z)

: Z
Then X, (n)*x,(n) ¢ X, (Z2)-X,(Z)

and ROC is atleast the intersection of ROC of X1 (Z) and X2 (7).

Proof : . According to the definition of convolution, the convolution of X;(n) and X, (n) can be

written as, .
x(n) = x](_n)*xz(n) (1)



v ox(n) = Y x(k)x,(n-k) (2
Taking Z-transform of x (n),
X(z) = zZ{ Y x(k)x,(n-k) | -3
Tl k==—o0
According to the definition of Z-transform we have,
Z{x(m)} = ¥ x(n)-z7" @)
n=—o0

In Equation (3) take the bracket term as x(n). Thus Equation (4) becormes,
) r

oo | 5]
v zZ{xml = Y 1Y xx(a-k) |- 27"
f1l=—0o0 k:—oo
!
Rearranging the summation' terms, ¢
Zlxmy) = Y x| Y mo-0zh 5

Now Z " can be written as,
77" = 77 % Zxz K=z (K7 7K
Putting this value in Equation (5) we get,

z{x(m} = 2 x| X x,(n-k)z~(*7K).z7%
k-‘=—-00 n=-—oc ’ :

In the second summation; the limits of summation are in terms of ‘n’. So we can take Z_k
out of the summation sign. -
|' 0 0o

Z{x(m)} = | X xl(k)-Z‘k' 3 xz(n—k)Z"<“‘k>

k:——oo n=—oo

In the second summation put n—k = m. The limits will change as follows :

when n = —oo = —co—-k=m S m=—0



and when n = 4+ =c—-k=m L m=e
z{x(m} = | ¥ x (k)xz 7 Y x(m)z~" (6)

k=~°° m=—oo

Compare each bracket of R.H.S. with the definition of Z- transform.
Z{x(n)} = X,(2)-X,(Z) A7)

But here Xx(n) xl(n)*xz(n)

Z{xl(n)*xz(n)} X (Z)-X,(Z)

ROC is atleast the intersection of X, (Z) and X, (2).

e i

Solved Problems :

Prob. 1 :  Find the linear convolution of X, (n) and x, (n) using Z-transform

’ X, (n)={1, 2, 3, 4} and X, (n)={1, 2,0, 2, 1}.

T T
Soln. 1 According to the property of linear convolution in Z- domain we have,
z{xl(n)*xz(n)} = X,(2)-X,(Z) ' . D

tep I : We have x (n)={1,23,4)}
' T

According to the definition of Z-transform,

X, (Z) = Y x,(n)z™"
n=—o

Here lLimits of summation are fromn = -2 ton = 1.
' ‘ 1

Y x; (n) z™"

n=-2

x«l(—2)22+x1(—1)z+x1(0)z°+x'1(1)2‘1

~ X (Z)

X (Z) = 12°+2Z+3+427! - 2



Let us determine the ROC of X, (Z).

We have X (Z) = ZZ+ZZ+3+%

ROC : (i) Putting Z = 0 we get,

XI(Z) = o+0+3+f‘1=0+0+3+oo—_-°°

0
Thus Z = O is not allowed.
(i) Putting Z = oo we get,

Xl-(Z) = oo+oo+3+i=oo+oo+3+0=oo

Thus Z = o is not allowed.

Therefore ROC is entire Z plane except Z = 0 and Z = oo

Step I : Now we will obtain Z-transform of X, (n).
‘We have xz(n) = {1,2,0,2,1}
T

Using definition of Z-transform,

X,(Z) = Y X, (n)Z7"
n=—oo
Here the range of nisn= —2ton= +2
2

2 x(n)z7"

n=-2

X, (Z)

X,(2)

X,(2) 122+22+02°+272 '+127?

72+27+27 " '+z77?

X,(Z)

Let us determine the ROC of X, (Z)

: : : 2 1
We have X, (Z) = 22““27‘*2*?
ROC :
@) Putting Z = 0 we get,
2

X, (Z) = 0404245 =0+40+00+00= 0

00

2 1 p 0 -1 -2
%, (~2)Z2 4%, (- DZN 45, (0)Z0+x, (1) 27 +%,(2)Z

(3)



Thus Z = 0 is not allowed.
(i) Putting Z = o we get,

XZ(Z) = oo+6o+z+i=oo+oo+0+0‘= oo,

Thus Z = «o is not allowed.
Therefore the ROC is entire Z plane except Z = 0 and Z = oo.
Step III : Now we have, _
X(z2) = Xl(Z)-XZ(Z)'

X(Z) = (Z2+22+3+427 Y (Z2+22+227'+27?)
L X(Z) = Z4+2Z3+22+1+ZZ3+4ZZ+4+ZZ_1+3Zz+6Z+GZ"1¥32_2
+47+8+87 244773 |
X(Z) = Z*+47%+72%+122+13+8Z '+112 24473 )

Step IV : According to definition of Z-transform,

oo

X(Z) = Y x(a)yz™"

n=-oo
From Equation (4), we get the range of n. It is fromn = —4 to n = 3.
: 3
X(Z) = 3 x(n)z7"
n=-4

Expanding the summation we get, ,
X(Z) = x(-0)2%+x(-3)Z2+x(-2)Z%+x (- 1)Z +x(0)

+x(1)Z 4x(2)272+x(3)273 (5

Comparing Equations (4) an(i %),
x(=4)=1,  x(=-3)=4, x(-2)=7, x(-1)=12
x(0) = 13, x(1)=8, x(2) =11, x(3) =4
Thus we can write, )
x(n) = {x(—4)x(—3xx(—2;x(—1xx(oxx(1xx(2xx(3ﬁ.
Tv




1.3.7 Initial Value Theorem :
Statement : If x (n) is a causal sequence then its initial value is given by,
lim ‘

x(0) =z,

OOX(Z)

Proof :  According to the definition of Z-transform.

(oo}

X(z)= ¥ x(m)z7" _ (1)

n=-—oc

But if x (n) is a cavsal sequence then limits of summation will be from n = 0 to n = e,

(oo}

X(Z) = Y, x(m)Z7" (2
n=0" : k h v

Expanding the summation we get,

X(2) = x(0)Z+x(HZ7 ' +x()Z4x(3)Z7 0+

Applying limits as Z — oo we get,

lim oy lim lim i 1 lim ) 0 _
g X(Z) = o x(0) 1 x(1)Z by X(DZT e @ Z =1)
lim lim lim 1 lim 1 '
S X(2) =, x(0)+ S X(1) 7 z—>oo"(.2)zz+"" (3)

Now as Z — o the terms % = —Zli etc. will be 1 which is zero. Thus Equation (3) becomes,
lim ‘ |
7 o X(Z) = x(0) : ...(4)‘

But x (0) is called-as initial value of x (n).

Hence proved.



'1.3.8 Final Value Theorem :

Z
Statement :  If x (n) <> X(Z) then,

)
x(=) = 0 1(Z-1)X(2)]

Proof :  According to the definition of Z-transform for causai sequence we have,
z{x(m)} = I x(m)z~" (1)
n=0 '

Consider the term x(n)-x(n-1), using Equation (1), Z-transfonn of this term cah be
expressed as, ' '

Z{x(n)-x(n-1)} = ¥ [x(n)-x(a=1)]Z""
n=0 :
Z{x(m)}-Z {x(n-1)} = ¥ x(n)z"- Y x(n-1)z°" ‘ (2)

n=0 n=0
Now we have Z{x(n)| = X(Z)and

According to shifting property, Z{x (n-1 )} =7"!'x (Z)

X(2)-27'X(2) = ¥ x(mz "= ¥ x(n-1)z""
n=0" n=0 -
X(Z)(1-z"1y = Y x(n)Z‘“-Q Y x(n-1)z7" B C)
n=0 n=0

Now consider the second summation. Here Z ™™ can be written as,

Z_n=Z—n‘ZI-Z_] =Z_(n_l)-Z_l

X(2)(1-27") = ¥ x(0)z"- ¥ x(n-1)z-(-Dz-1
n=0 n=0 ‘

X(z2)(1-z71h

Y x(m)z7"-z71 Y x(n-1)z-(-D
n=0 ' n=0



- Taking limit .as Z — 1 on both sides,
-1y lim' \y-T lim -1 _ —(n=1) -
X(Z)(1-27)= , >, x(n)Z” 712 Y x(n-1)Z
n=0 ‘ , n=0
Remember that the first summation is Z{x(n)} and second summation is Z{x(n— 1 )}.
Now expanding the summations we can write,

lim -1, _ lim , -1 _ -1 '
S xzya-z7h = Z_”[(X(O%Z X (=1)+(X(1)-27'X(0))

lim
Z—1

+(X(2‘)—Z_1X(1))+..,+[X(o'o)—'Z*1 X (koo—l))}...(4)

lim - lim ,_y_ lim 1 _ iy -
Herf:asz__nwegetz__)lz —Z_”Z—landX( 1)=0
because x(n) =0 forn=-1 since it is a causal sequence.
lim
. Z—)lX(Z)(I_ )= [X(O)—O]+[X(1-)—X(0)]+....+[X(eo)—X(oo—1)]

X (o) ... (Here we are adding the difference between two terms
- and this addition is upto ).

Hence proved.
Solved Problems :

Prob. 1 : Find initial and final values of x (n) if Z transform is,

S
Z +gz—€
Soln. : According to initial value theorem,
: lim lim 2
X(O) - 7 = o0 X(Z) Z_>NZ2+J_2_1
6 ) 6 ’
According final value theorem,
' ‘ 2
X(e) = z—>1(Z D)-X(Z)= 0 (Z-1) =
Z +6Z—g

We will obtain roots of denominator term.

: Y
2,1, :—bﬂ b2—,4ac,_'€i 3676

1
6 6 2a B 2




Prob. 2 :

Determine the value of signal x(n)atn=0and n =« if X(Z) =

Soln. : According to initial value theorem,

i © lim
x(0) =, X(2)
‘ lm - 272+025

2724+0.25

Multipiying numerator and denominator by Z~ 2,

x(b) =

According to final value theorem,

im 2402572 fim

(Z+025)(Z-1)

0.25

+_'_

Z2

Z—w z*‘(z+.0.25)-2‘1(z—1)'—Z»_>°°(1

s

lim .
(=) = 0 (Z-1)X(Z)
lim 2724025 lim 272+025 2+0.25

x() = L0 (Z-1)

(Z+4025)(Z-1) Z-1 Z+025 1+025
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