[ecture - 18

Inverse Z-Transtorm



1.1 Introduction :

In this chapter we will discuss, the use of Z transform for analysis of LTI systems. If the
signals are in Z domain then the stability of LTI system can be easily determined with the help of
pole-zero plot. Similarly in the Z domain, causality of LTI system can be easily determined.

The solution of differential equations becomes simple in the Z domain. Using unilateral Z.
transform the transient response of zero- state response of LTI system can be.obtained. After
completing analysis of systems in Z domain; it is required to convert the signals into discrete
domain. For this inverse Z transform is used. Before studying analysis of system in Z domain; we

.will discuss different methods of inverse Z transform.

2

1.2 Inverse Z Transform :

In this section we will discuss how to obtain sequence x(n) from given X(Z). This procedure
of obtaining x(n) from its Z-transform X(Z) is called as inverse Z-transform (IZT).

‘Methods for obtaining IZT :

The different methods for obtaining IZT from X(Z) are as follows :
(1) Inverse Z transform by inspection. ‘ ‘ ’
(2) = Power series expansion.

(3)  Partial fraction expansion.

(4)  Residue method.

1.2.1 Inverse Z Transform by Inspection :

This is the simplest method of obtaining inverse Z transform. We have derived the equations
for standard Z transform pairs. By using these standard pairs; inverse Z transform can be directly

obtained.

For example if we want to obtain inverse Z transform of, X (Z) = %, 1Z1>3

Then we can use standard Z transform pair,
z

o"u(n) «— -Zz—a, 1Z1>1ol

v Here o. = 3. Thus inverse Z of X (Z) is,
' x(n) =3"u(n)

1.2.2 Power Series Expansion Method :

This method is also called as long division method or direct division method. Generally X(Z)
is expressed as power series in ‘Z’.

_ -1 -2 —n . :
X(Z)—ao+a]Z +aZZ + . +anZ (D

Equation (1) can be easily obtained by dividing numerator by the denominator of X(Z). Ni)w
according to the definition of ‘Z’ transform we have, '

X(Z) = Y x(n)z’“ " .2

n=-—oo



If the sequence is causal then the limits of ‘n’ will be from n = 0 to n =

X(Z) = 2 x(n)Z™" , N )
o R n=0 : » : C
Expanding Equation (3) we get, ‘

X(2) = x(0)Z%+x(1)Z ' +x(2)2 %+ 4x(n)Z7"
Bu 7% = 1. |

X(Z) = x(0)+x(1)Z7 ' +x(2)Z7 %+ 4x(n)Z7" L)

‘Now by comparing Equations (1) and (4) we can write, ' ‘

x(0) = a,

x(1) = a

x(2) = a,

x(n) = a -

n

Thus the general expression of discrete time causal sequence X (n) is,

-.(5)

Solved Problems on IZT :

Prob. 1 : Determine the inverse Z-transform of

2
————Z——z' for ROC 1Z1 < 0.5 using long division method.
(05-15Z+Z%)

Soln. : The given ROC is IZ| < 0.5. That means ROC is interior part of circle having radius
r=0.5. Now while obtaining the long divisions remember the followmg instructions.
In case of anti-causal sequence :

X(Z) =

@) Carryout the long division by writing the polynomials in the reverse order that means starting
with the most negative termr on the left.

(ii) In case of causal sequence, carryout the long division without changing order of the
polynomial. That means starting with the most positive term on the left.

The given expression is,

52 ' v
Z
X(2) = ————— o (D
: 05-15Z2+7 ' . :

While carrying out the long division; always convert the given expression in the .simplest »
form. That means as far as possible it should be in the form of 1 divided by some polynomial. Thus

dividing numerator and denominator by Z "~ 2 we get,



1
| 0527 2-152""+1 |
This is non-causal sequence. So numerator polynomial should start from maximum negative

~ value of Z. Observe Equation (2). Here the polynomial is in the proper order. So we do not have to
change the order of denominator polynomial. Now we will perform the long division as follows :

- X(Z) = (2)

272+627°+147' +302°
05272-15Z27"+1 1
1-3Z2+272
_ 4 -
0+32-27°
32-97°+67°
_ + -
172 -67°
172 -217°+147"
-4 _
1528 -147
1572°-457*+302°
- + .
312*-3027

Thus X (Z) can be approximately written as,
X(Z) = 272+6Z°+14Z*+30Z° + ..... : .03
Now according. to the definition of Z-transform we have,

X(z) = Y x(mz’"

v D= oo

For anti-causal sequence; the limits of summation will be fromn = —1ton= —c.
LoX(2) = Y x(m)z™"
, n=-1
Expanding the summation we get, ‘
X(Z) = x(=1)Z 4x(~2)Z2+x(=3)Z2+x(-4) Z*+x(=5)Z°+ ... (4

Compariﬁg Equations (3) and (4) we have,
x(0)=0 x(=3)=6
x(-1)=0 x(-4)=14

x(—-2)=2 x(-5)=30...



Thus sequence x (n) is,

x(n) = {.‘...x(—S),x(—'4),x(’—3),x(—2),x(—1),x(0)}

1T

Prob. 2 : ” 1

Soln. :

1
FindinverseZofX(Z):——?——— 1Z1>1/2
4

The given ROC is |Z! > 1/2. That means it is causal sequence. Now for the causal
sequence the denominator polynomial should have the maximum power of Z on its left. The given
expression has the denominator in the proper form. So we don’t have to rearrange the expression.
Now we will perform the long division as follows : '

3,1 -4
Z 7+ 16'Z
-3 1

1
8
1
_8Z

+ -

_1_2‘4__1.Z—5

16 32
Thus the expression X (Z) can be approximately written as,

X(Z) = 1-+7-141z-2.1

2 4 8

(1)



According to the definition of Z-transform we have,

o0

X(z) = Y x(m)z™"

n=-—o0
The given sequence is a causal sequence. For causal sequence the limits of summatlon will be .
fromn=01t0n = oo :

X(Z) = Y x(n)z™"
n=0

Expanding the summation we get, . .

X(Z) = x(0)z°+x(1)z"1+x(2)2“2+x(3)2‘3+ ........

X(Z) =x(0)+x(1)Z " +x(2)Z272 +x(3)Z ..... ' 2)
Comparing Equations (1) and (2) we get, '
’ x(O).=1 x(2)=%

1 1
X(l)—*z x(3)_—8

“Thus the sequence x (n) is written as,

x(n) = {x(0),x(1),x(2),%x(3) ..... |

..(3)

Prob. 3 : Find the inverse Z of :

X(Z):% 1Z1>1

Soln. :

Since the given ROC is I1Z1 > 1; it is causal sequence. We know that for the causal
sequence the denominator polynomial shouid have maximum power of Z on its left. Thus the given
expression is in the proper form. :

(Z) = 2%1 into negative po




Now performing the long division we get,

1+Z2 ' +27247273+ ..

z-1| z
Z-1
1
1-2""
-+
Z"l
7z t-z?
- +
Z—Z
2‘242‘3
Z—3

Thus X (Z) can be approximately written as, »

X(Z) = 1427 '+27 24273+ ..
Now- the Z-transform of causal sequence is given by,

X(Z) = Y x(n)Z7"
. ) . n=0
Expanding the summation,
X(Z)
~Comparing Equations (1) and (2) we get,
: x(n) = {x(0),x(1),x(2),x(3)....)
x(n) ={1,1,1,1, ... }

x(n) =

This is standard Z-transform pair.

x(0)+x(1)Z ' +x(2)2 2+x(3)z">

(1)

(2)

Prob. 4 : Obtain inverse Z of :

X(2)=z%E it 1zl <lal



[ e

Soln. : Given ROC is I1Z| < lal. So the sequence is anti-causal. That mean: the numerator
polynomial should have minimum power of Z on its left. Thus we can write X (Z) as

Z .
X(Z)»: TaiZ if 1Z1<lal (1)
Now we will perform the long division as follows : . ‘
| ~alz-a?72 a7 .. ’
—-at+Z J z
Cz-a'Z?
- 4
a~ 7
a 'z*-a™ 7’
- +
a 27’
a 273 _a 374
- +
a—3z
Thus X (Z) can be approximately written as,
X(Z) = —a~'zl-a™2722-a737%- .. ' 2
According to definition of Z-transform, . : :
X(zZ)y = Y x(m)z"

n=-—oo

For anti-caﬁsal sequence, the range of niis fromn= ~1lton= —~oo

w X(Z) = Z x(n)z "
n=-1
Expanding the summation,

X(Z) = x(~D)Z'+x(=2)Z+x(~3)Z’ +....

Comparing Equations (2) and (3) we get, '
x(=1) = —a!
x(-2) = —a?

x(-3) = —a’’



Thus sequence x(n) can be written as,

x(n) = {....'.—‘a‘_3,—a_2,—a_1,’0} ; .4

Equation (4) can be written as

This is the standard Z-transform pair.

Prob. 5: Find inverse Z-transform :

X(Z) = log(1+aZ‘1), IZI>‘I'al‘
Soln. : The given expression is,

| X(Z) = log(1+az™ '), . 1ZI>lal | (D)
Now the power series expansion for log (1+x) with IxI< 1 is given by,
N 2 3 4 5 oo n+1
- g X X X X = (=1)""" 'n '
log (14%) = X=F 47 =7+ = =y X -(2)
: 0=

Let x = aZ ! Thus Equation (2) becomes,

' . o n+1 .
X(Z)=1log(l+azZ™ ) = Z =20 raz-ip
n=1
) i _ n+1 ' : )
X(Z) = Z at.z” " ~(3)
=1 - :
Now according to the definition of Z-transform,
X(z) = Y x(n)z7" ()
n=—o0. v

But the given sequence is causal, since [Z| > la l. And we will assume that the éequencc is
present from n = 1 to n = o, Thus changing the limits of summation in Equation (4) we get,
X(z) = ¥ x(n)z" , (5
v n=1 )
Now comparing Equations (3) and (5), we get,

This is the required IZT. )
Limitations of power series expansion method :

If ‘n’ is large then the long division will become tedious. The method is used only when the
resulting pattern is simple enough or if we want the values of only first few samples.



1.2.3

Partial Fraction Expansion (P.F.E.) Method :

This is possible fdr the Z transforms which are rational in nature, that means they are

expressed as the ratio of two polynomials. -

That means
N(z) Po*b 27 +b,Zz %4 4by 27V
X(Z)= = ' ;
D(Z -1 -2 -N
(Z) a0+alZ +a2Z +...aNZ
Here N(Z) = Numerator polynomial
D(Z) = Denominator polynomial
bO’ b1 bM = Coefficients of numerator
Ay A, By = Coefficients of denominator
M = Degree of numerator
N = Degree of de;nominator

Steps to follow in partial fraction expansion :

M

@

©)
4)

®

Check whether the given function is in proper form or not. The function is said to be in

_proper form when following conditions are satisfied.

@) The coefficient a'0 in Equation (1) should be equal to 1 (aO =D If a, # 1 then the
polynomials are adjusted accordingly. ’

(ii)  In Equation (1) a # 1 and the degree of numerator should be less than the degrée of
denominator (M < N ). If this condition is not satisfied then the long division is carried

out to make M < N.

Thus the first step is to obtain the function in the proper form.
Multiply the numerator and denominator by ZN. That means convert the function in terms of
positive powers of Z. '
X(Z)
Z
Factorise the denominator and obtain the roots. Then the denominator will be in the form

(Z—P1 ) (Z—Pz) (Z—PN ). Here Pl, Pz"," PN are called as poles.

Obtain the equation

Write down the equation in partial fraction expansion form as follows.

X(Z) _ A i N Ay 2
Z Z—Pl‘ Z—P2 Z—PN
Here AI, Az; AN are coefficients. The coefficient AK is calculated as,
_ X(Z) '
AK = (Z—PK)- 7 B ..(3)
Z = PK
X(Z)

is performed by putting Z = P .

Eqﬁation (3) indicates that the calculation (Z—PK)- 7



Here PK = Pi’ P2,

(6) By calculating values of Alﬂ,‘AZ, -« Ay » transfer “Z’ to the RHS. of Equation (2). Now we

standard Z transform pairs to obtain inverse Z transform.
4

alu(n) > 2 . ROCIZI>lal ' (@)
z _
and —a“u(—n—l)e——>Z , ROCI1ZI<lal .5
—a

Thus depending on glven ROC and by usmg Equations (4) and (5), the sequence X ( n) is
obtained as follows :

..(6)

(7

Solved Problems :

‘While solving the numericals we will consider different cases dép'ending on the nature of
_ poles. '

Case | : When there are simple poles.

Prob. 1 : Find inverse Z of the following :

1
x.(2)=——%,12|>%
1+ZZ— +§Z—

Soln. :

Step I ©  We will check whether the given function is in proper form or not.

Here a, = 1, M = Degree of numerator = 1, N = Degree of denominator = 2
. M < N and a, =

Hence the given function is in proper form.

of numerator and deno

Step II :- We will convert the given function in terms of positive powers of Z. The given function
. s, ' '

1—%2‘1
X(2) = — . | | (1)

3,1, 12
1+4Z +8Z




To obtain positive powers of Z; multiply numerators and denominator by 72,
Z2[1-127!]

X(Z) = —
' 2 3,-1,1,2
Z [1+4Z +82“ ]
72-27
X(Z) =3 1 .(2)
Z +ZZ+§
X(Z) .
Step TIT: - We will convert Equatlon (2) in the form of 7 To do this, take Z common from
the numerator. |
z_1
Z Z—2_
X(Z) = '
2,3, 1
Z +4Z+8 ‘
X(Z Z-1/2
(Z) _ .3
Z ZZ+§Z+l
-4 8

Step IV : We will obtain the roots (poles) of the denominator. To obtain poles P1 and P2 use
following equation, ' '

b P = —bxVb>—4ac .
172 = 24 -(4)

The equation of denominator is, 22 + % Z +é~

3
Thushe,rea\—l,b—4§.ndc—8

Putting these values in Equation (4) we get,

PP = —
1772 (2x1)
_34 9-8 3,1
p p o 4 16 474 3.1
1°72 ~ 2 -2 T 878
31 4 1
Pl ="%"8"78° 72
3.1 -3+1_ 1
and P, = ——8+8— g - %



.Step V : We will write dowh Equation (3) in the partial fraction expansion form.

1 1
X(Z) _ Z-5 Z-3
Z " (z-P)@- P) 1), 1
_ Z+ 2 Z+ 7
Thus in terms of coefficients A1 and A2 we can write, '
X(z) _ _ M M
4 - 1 1
| [z 2) [Z+ 4J
Step VI : We will obtain values of A, and AZ. The general expression to calculate A
AK = (Z- P )X(Z)
Z —
Z=P
A, = (Z- P)Xg”
Z= P1
Here Pi' = -1/2
A= 1).X(Z)
A1 = [Z + 2 ) 7 ’ 1
- ; 12=73

Putting the value of X (ZZ) from Equation (5)lwe get,

1
Z___
A = [z+1) 2
! 20 (z+L )2+
2 1 4 Z:—%—
11 11 |
Z-3 272 1 -1
4 2 2 4 4 4
Similarly, - (z- P)X(Z)
Z=P
2
H p = —4
ere.‘ 5 = —4
Z__
Az:[z+%) 1 : 1
(Z-l-— Z+— 1
2 4 1|z=_1
o\ 4

..(5)

...(6)



1 1 1 3
N T2 _TaTa_ T4,
2,1 1 1,17 1/4
2ty |z=-5 _4+2

ThusA—4andA— 3.

Step VII :  Putting values of A and A in Equatlon (6) we get,
X(Z) . 4 3
z 1 1
Z+2 Z+4

Now we will obtam equation of X (Z) by transfemng Z to the R.H.S.
X(Z) = 47 3Z

- )
1 1 ;
Z+2 Z+4

Step VIIL :

The first term of Equation (7) is 4 - T This term is causal when | Z | > %
7+ 5

1t is causal when |

Now the given ROC is 1Z 1> % So first termvis causal.

Now recall the standard equation,

iZT{Z_ZP } = (P ) u(n) when 1Z1> P,

.(8)
K
H P, =P —.—l
ere k =P =-3
n
1ZT Z = -1 u(n) , ..(9)
1 2 ,
Z+ :
{ 2
Now consider second term. It is T This term is causal when |Z1 > —‘li Given ROC is
Z+— :
4

1zl > —é—.‘ That means by default it is > L Thus

i the second term is also- causal.” Thus using
Equation (8). .
| i
Zr| 2| = [-1um) | .(10)
Z+l 4
4
ince P 1
- since P) = —7

Thus from Equations (9) and (10) we can write IZT of given function as




Prob. 2 : Obtain inverse Z of the following :

1-27" 1
X(Z) = s |Z|>§
1—22_2 -

Soln. :

Step I: First we will check whether given function is in the proper form or not.

Here a, =1, M=1andN = 2.

Since M < N; the function is in the proper form.

Step II : The given function is,

1- % z!
X(Z) =
: 1-1z2
4
Muitiply numerator and denominator byZz.
o 72 - % zZ
X(Z) = ———
21
4
Step 1II : We will obtain Ithe equation of X (ZZ) as follows :
| 1
Z|Z- 2
X(Z) = ey 1
4 .
X(Z) _
Zz = 21
z 4
Step Iv: We will obtain the roots of denominator Z> — %
2
ere 72-L_72 (1
Here Z 4= Z ( 5 )

1) - 1
Roots are (Z— ) Jar;d (Z+ ) J
Thus the poles are, o

1 1
(2-5): (Z-P;) =P =>

N | =

' 1
and (Z+5] = (Z—PZ):> P2=’—

(1)

..(2)

..(3)



Step V: Thus Equation (3) can be writtén as,

1
Z-= :
X(Z) _ ‘ 2 1 @)

z 1 1Y o 1
(Z}‘z](“z) Z*y

Step VI : The partial fraction expansion form is,

X(z)_ A
Z Tz-p

. Thus A1 = 1. We do not have to calculate this value.

"Step VIL:  Now from Equation (4);

X(Z) = zzl , - | .(5)
M2 |
This function is causal if |Z1> % The given ROC is I Z ] > %
Thus given function is causal. Now we will use the staﬁda.td formula of causal sequence.

. Z n '
| IZ_T{Z_-PK} - (P ) u(n)

Prob. 3 : Determine IZT of the following :

X(Z) = S

Z—

’1 ; x(n)is causal.,
gz

1
4
Soin. : A
StepI: Herea =1, M=0andN=1

Since M < N the function is in the proper form.

Step I : The given equation is,

3 . } .
X(Z) = ——— | (D)
, gz 1 _1,-1 ,
4 38
To convert it into positive terms of Z, multiply and divide by Z.
' 37

X(Z) =
’ 1 1,-1

21, 1
-77-3

X(z) = —2% - Q)



Step 11 : The equation' of %Z—l is,

X(Z) - 3 o |
2= i1 . | e
A 4 8
Step IV :  The denominator equation is, Z> —%Z —'% .

1 1
v Herea=1,b = —4andc- -3

2
- +\/ -
Thus poles P,P, = =b: Vb —dac
, 2a.
1, T 1,4/3 1,3
PP _ 4 16 2 4 16 44
1’72 7 2 - 2 T2
1.3 4 1 1 3 -2 1.
Py =gtg=g=pamdP=g-g=%"=-7
1 1
| ThllS‘Pl.zg and P2= —Z
Step V : Thus Equation (3) can be written as,
X(Z) _ 3 v @
z _1 1 . B
X(z) __ N 4

= + ..(5)
V4 1 1
[Z_E) [Z+Z] |

Step VI : Now we will calculate values of A, and A,

A, = (z-p)ELZ)
z
. Z=p
-1
1 3
A —[z-—j
1 2 |7 1Y (7.1 s
3 3
MTT 173
2t
ad Ay = (z-p)ZLL2) |
Z
z=p,




3 3

-4 2
Step VII :  Puiting values of A, and A, in Equation (5),
X(ZzZ) _ _4 _4
z | R |
Z—2 Z+4 |
Z Z .

X(Z) =4——T-—4 T : ..(6)

Z—-—Z' Z+'4—

Step VIII : The given function is stable ; thus we will use the formula
: YRR . '
1ZT P,) u(n
{Z_ PK} (B u(n)

x(n)

4(P,u(n)-4(P,)"u(n)

4[%]u(n)—4(—i)u(n)

1

»
Py
=}
R
1}

Prob. 4 : Determine all possible sequences x (n’) associated with Z transform
‘ 52!

(1-2Z2""y(3-2")

Soln. : The given function is,

X(Z) =

1 .
X(Z) = 51Z 1, 1 22 1 2
(1-2Z"Y@3-z1y 3-z'-6z'-27%"
: 577!
X(Z) = o)

‘ , 3-771-272
StepI: HereM=1 andN=2;M<Nbuta0=3.Wewanta0=l.

~Thus to convert the given function into proper form; multiply numerator and denominator by 3

~1
3Z

1-Lz-1_2

3 3

X(Z) = -
-

Step I :  Multiply numerator and denominator by 7



X(Z) = ———
Step HI : The equation Qf -)%l is, .

X(Z) _
S =

2
VA 3

Step IV : We will obtain. roots of denominator -

7.5
= - = =—+=
P,P 656 -

1°°2 2a . 2

7.5
P =gtg=2amdP=c-2>=

Step V : Thus Equation (2) can be written as,
o 5
X(Z) _ 3

Z

= .3
1
(z-2)[z-3

In the form of partial fraction expansion we can write,

X(z2) _ A1'+ ) ; @
7 z-2%, 1 -
3

X(Z)
z

Step VI : Now, A (Z_p1 )-

’Z=PL

5/3 l
(2-2)(z-3) | z =2

>
]

(Z2-2)

1, 5/3
(Z-2)(2-3) | z =

5/3 _ 513 _ 1
1/3-27 -5/3
Step VII :  Putting values of A1 and A2 in Equation (4) we get,

»and A2 = (Z-: 1
3

X(2Z) _ 1 1
z z-2 ,_1
Z-3




Zz _Z ,
= - ..(5)
‘ Z-2 Z-1/3
" Step VII : To obtain all possible sequences we will consider the following ROC.

(i) When ROC is 1Z1>2: '

The first term of Equation (5) Will be causal if |1Z[>2 and the second term will be causal if
|Z1>1/3. Now if ROC is 1Z1>2 then by default it is greater than 1/3. Thus for this ROC both
the terms are causal. i ‘ o

x(n) = IZT{

X(Z) =

Z. _ n
Z_P.K}_(PK) u(n) . ..(6)

2)"u(n)~ (173

(ii) When ROC is 2>1Z1>1/3:

" For the first term to be causal, the required ROC is |Z1> 2. But the given ROC is 2>1Z]
that means |Z1<?2. Thus first term is anticausal. We will use the standard formula of IZT for
anticausal sequence '

- Z - _ noc_ o \ .
x(n) = IZT{Z‘_PK}— ‘(PK) u(-n-1) (D)
Thus IZT of first term is, . ‘
x,(n) = -(2)'u(-n-1)

Now for the second term to be causal the required ROC is 1Z1 >% and the given ROC is
1 Z1> % So second term is causal. Thus using Equation (6) IZT of second term is,
1 n

xz(n) =13 u(n)

Thus IZT of total function is,
x(n) = xl(n)+x2(n)

(iii) When ROC is |2|<%:

‘'We know that the required ROC for first and second term to be causal are |Z1>2 and

- 1Z1 >—§ respectiVely. But the given ROC is I‘Z | <-:1’7 Thus both the terms will be anticausal. Now

using Equatjon (7),

Pu(-n-1)~

AT




Prob. 5 :
given by,

Using partial fraction expansion method find invérse Z transform of followmg system

Z(Z2-42+5)

X(Z) =

(Z-1)(Z-2)(Z-3)

for ROC being 1Z1>3,2<1Z1<3,1Zi<2.

Soln. : The given function is,
Z(Z%-4Z+5)
X Z = T ..;1
(Z) (Z-1)(Z-2)(Z-3) &
Step 1 : X(ZZ) = Z —4Z+5 2

(Z—l)(Z—Z)(Z—3)

Equatlon (2) is in the proper form. The roots of denonunator are already given; so the poles

are P, =1, , =2 and P, = 3.
Step Im: In the P.F.E. form Equation (2) can be written as,
X(Z) _ A A + Ay 3)
z Z-1 Z-2 Z-3

We will obtain values of ’AI, A2 and A3 as follows :

A

X(Z
(z-p) =)

Z=P
1

| . |
(Z-1).— L=42+5 |
(Z-1)(2-2)(Z-3) |

1-4+5 2

(Z-2)-

(1-2)(1-3) (=1)(-2)

X(Z)
Z

(Z-F))-

Z =P
2

724745
(Z-1)(Z-2)(Z-3)

|

l

| z=2
4-8+5 1

(2—1)(2—3)_(1)(~1)




. X(2Z)
(Z-Py) =5

>
=}
=N
s
w
]

Z=P
3

224745 I
(Z-1)(2-2)(Z-3)| ,_,

>
I

(2-3)-

A - 9—u+5 __2
3 (3-1)(3-2) (2)(1)

Step III : Putting values of Al’ A, and A3 in Equation (3) we get,

X(z) .t __t 1
Z T zZ-1 Z-2 Z-3
X(z) = 2.2 , Z (4

Z-1 Z-2 Z-3
Step IV : We will obtain xv( n) for different ROC conditions as follows :
i) For ROC : 1Z1>3:

Since ROC is 1Z| >3 then all three terms in Equation (4) are causal.

ii) For ROC:2<1ZI1<3:
That means | Z | >2and1Z1<3

For this ROC; first term is causal, second term is causal and the tiud term is anticausal.

ili) For ROC:1Z|<2:

In this case all terms of Equaﬁon (4), will be anti-causal.

)42 u (o

Pfob. 6 : Determine inverse Z-transform of
1 -
1-15271+05272
if () ROC:1ZI>1
(i) ROC: 1ZI<05

(i) ROC : 0.5 <1Z1 < 1.0

X(Z)=




Soln. : _
Step I : Hcrea0.=1,M=0,N=2

Thus the givén function is in the proper form.

Step II : To convert X (Z) into positive powers of Z; multiply nﬁmerator and denominator by i

z? '
Y X(Z) = 45— (D
' ZP-15Z+05
Step III : : ;
Step We will obtain the expression X ZZ)
X(Z) z |
, = «(2)
z Z*-15Z+05 :
Step IV : We will obtain the roots of denominator Z2 - 1.5Z +0.5
Herea=1,b=-15and c = 0.5 ‘ '
' b P - 154V (15)*-4x05
1,P2 - 2
| . P1 = 1 and P2=0.5.
Step V : In PFE form Equation (2) can be written as,
X(z) . MM .
_ Z Z-1 Z-05
Step VI : We will calculate the values of A and A, as follows :
\ X(Z).
A= (Z-P)=0—
_ Z=P
A =(Z-1) Z :
1 (Z-1)(Z-05) |, _,
Al =
and A, =
Z=P
. . 2
AR
A, = (Z-05)— .
A = 0.5 - 0.5

2 05-1 -05




Step VII : Putting values of A and A, in Equatibn (3) we get,

X(z) 2 1
Z =~ Z-1 Z-05

27 z . '
: - 2L (4
X(2) Z-1 Z-05 @

Step VIII :  We will obtain x (n ) according to given ROC conditions.
(i) ROC:I1ZIi>1:

It means that 1Z1 > 0.5 also. So both the terms of Equation (4) are causal. For the causal
sequence we have, - ‘
Z
Z-P

x(n) = IZT{ }=(Pk)“u(n)

(i) ROC:1Z1<05:

For this ROC both the terms of Equation (4) become anticausal. And for anticausal sequence
‘we have,

==(P)u(-n-1)

(iii) ROC:05<1Zi<1:

For this ROC ; the first term is anticausal and second term is causal.
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