[ecture - 5



1.2.3 Cyclic Property of Twiddle Factor :

The twiddle factor is denoted by Wy and is given by,
—j2n/N

WN=e



Now the discrete time sequencé x (n) can be denoted by xy. Here ‘N’ stands for ‘N’ point DFT.

Wliile in case of ‘N’ point DFT; the range of ‘n’ is from 0 to N—1. Now the sequence Xy is
represented in the matrix form as follows :

x(0)
x(1)

X = X (:2) N . (2)

| x(N-1)
“Nx1

This is a “N x 1” matrix and ‘n’ varies from 0 to N— 1. Now the DFT of x (n) is denoted
by X (k). We have denoted x (n) by xy; sumlarly we can denote X (k) by XN In the matrix form
X, can be represented as follows

X(0)
X(1)

x = | X2 | | ‘ ) .3)

X(N-1)
- “Nx1

This is also “N x 1” matrix and ‘k’ varies from 0 to N — 1. Now recall the definition of DFT.
N-1
X(k) = ¥ x(mw" . @
N
n=0 :
We can also represent Wj;n in the matrix form. Remember that k’ varies from 0 to N~ 1 and

‘n’ also varies from 0 to N —1.

n=0 n=1 n=2 ... n=N-1 )
0 _
W W w’ \
k=0 N N N N
0 1 2 N-1
k=1 WN WN WN WN
2 -
k=2 | W' W - W2 (N-D
WN = N N N . N : (5)
k=N-1 0 - -1) ... 1)
W’ whTl 2D W(N 1)
N N N N
- : "NxN

Note that each value is obtained by taking multiplication of k and n.

kn 4
For example if k. = 2, n = 2, then we get WN = WN.



Thus DFT can be represented in the matrix form as,

; Xy = [Wylxyg | . A (6
Similarly, IDFT can be represented in the matrix form as,
1 * ‘
X, = ﬁ[ WN]XN | | - (7

Here W; is complex conjugate of Wy.



Real part of Wy
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Fig. F-4 : Cyclic property of twiddle factor
1.2.4 Solved Problems on DFT :

Prob. 1 :  Determine 2-point and 4-point DFT of a sequence,
Xx(n) = u(n)-u(n-2)
Sketch the magnitude of DFT in both the cases.



x(n)‘ = {1, 1} ' _ ‘ (1)
Determination of 2-point DFT :
For 2-point DFT, N = 2
. —jz—n __j2_1t C—in
We have, Wy = e N LW, =e 2 -¢
—inkn
lem = 2

We know that ‘n’ is from O to N— 1. In this case, ‘n’ is from 0 to 1. Similarly, ‘k’ is from

0 to N~ 1. In this case ‘k’ is from O to 1.

. kn .
Now the matrix WN = W2 =e can be written as,

n=0" n=1
0 0
k=0 | W, W
kn 2 2 :
W2 = : (3).
k=1 | w° W
2 2
According to Equation (2) we have,
. — ik
Wkn - e J
2
—7 0
Forkn:O::»W;) =e o=
1 —jrx1 - .
Forkn;l:>W2= =e =cosT—jsinm=—1
Putting these values in Equation (3),
kn 1 1
= (4
Wz [ I -1 ] @
Now given sequence x (n) = {1, 1}. In the matrix form it can be written as, .
_|1
Xy = x(n)—[l:' (5

Now DFT matrix is given by,

Xy = [Wylxg

x = |1 L i_| (Ix1)+(1x1) |_[2
N L =1 || ] T (Ix1)+(1x=1)| |0
Thus 2-point DFT- is,

...(6)




Determination of 4-point DFT :
For 4-point DFT, N = 4.

We have, WN = W4

.
kn ~jZkn
w" = e 2 : (7
N ' .

The range of K and n is from 0 to N — 1. That means 0 to 3.
' n=0-n=1 n=2 n=3

r 0 0 0 0 7
W w
k=0 4 4 W4 W4
0 1 2 3
: k=1 w,oow, W W
(W, = W, = . ) ) ) (8
k=21 w W w \% '
S 4 4 4 4
k=3l w* wow W
L 4 4 4 4 ]
Now using Equation (7) we get,
' 0 ~iZx0
W =¢e 2 =¢=1
4 .
1 -j%x1 -5 T T
= 20 = 2 = = jsin=—=—1j
W4 e e cos > —jsin > j
2 -j=x2 —-jT
W, = e 727 =e " =cosm—jsinm=—1
. T .3 g
3 migx3_ cin 3w . 3m .
W4— e =e —0052 JSln2—+J
According to cyclic property of DFT.

W= W=
4 4
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4 4
W2 _ W6 _ Wlo -1
4 4 4
and W o= W =W'=4]
4 4 4
Putting these values in Equation (8) we get,
1 1 1 1
|1 =5 =1 +j ' : ,
(W= 471 0 )
Ly -1 —j

Now given sequence is,

x(n) = {1, 1}. We want the length of this sequence equal to 4. It is obtained by adding
zeros at the end of sequence. This is called as zero padding.

x(n) = {1,1,0, 0}

1
e (10)
XN = X4— 0 -
0
Now the DFT is given by, XN = [Wolxg
r1 1 177[1]
I I e R N A
e F I T R
_1 j -1 —j 0
[1+1+0+07] [ 2
_ 4 1=j+0+0 | _| 1—j
Xy = %= 1-1+0+0| | O
1+j+0+0 1+j

- This DFT sequence can also be written as,
X, = 2+j0,1-5,0+j0,1+j}
T
k=0



Prob. 3 : Calculate 8 ‘point DFT of
x(n) = {1,2,1, 2}

Soln. : First we will make length of given sequence ‘8’ by doing zero padding.

x(n) = {1,2,1,2,0,0,0, 0}

: =
We have, W = e N
.2n LT
kn -z ~igke
W8 = ¢ 8=¢ 4

Here the range of K and n is from 0 to N — 1 that means from O to 7.

(1)

)



Now the matrix W:n is as follows, .

‘n=0 n=1 n=2 n=3 n=4 n= n= n=7
r 0 0 0 0. 0 0 0 0
k=0 w w W W W w w w
8 8 8 8 8 8 - . 8 8
0 1 2 3 4 5 6 7
k=1| W W w wowW woW W
8 8 8 8 8 8 8 8
0 2 4 8 10 12 14
k=2 W W w wow w w w
8 8 8 8 8 8 8 8
k=3 WO W3 ’ W6 W9 le WIS : W18 W21
8 8 8 8 8 8 8 8
[Wel = 0 4 8 12 16 20 24 w2
k=41 -w W W w W W
8 ws 8 8 8 8 8 8
k=5 WO WS W]O WIS Wzo WZS W30 W35
8 - 8 8 8 8 8 8 8
k=6 w° Wﬁ‘ R, 24 30 6 WP
8 8 8 8 8 8 8 8
= 0 7 14 1 2 35 4 4
=70 w0 W oWt W W W w? w®
| 8 8 8 8 8 8 8 8
ki
In Table F-1 we have already obtained different values of Wgn.
0 3 4
W= Wewlawraw?owls o
8 8 8 8 8
1 9 17 25 33 41 49
W8 = W8 = W8 = WS = W8 = W8 =W =. =0.707-j0.707
w2 W10= 18 _ 26 o34 42 o
8 8 8 8 8 8
3 11 19 27 35 43
W8 = W8 = W8 = W8 = W8 = W8 = ... =—0.707-30.707.
2
W4= WL.=W20=W28=W36=W44_ _
8 8 8 8 8 8
21 4
WZ = W:; = ng = W§9 = Wz7 = WS5 = ... =-0.707+j0.707
W6 _ W]4=W22=W30=W38:W46_ _i
8 8 8 8 8 8
7 15 23 31 39 47
W8 = WS = W8 = W8 = WS = W8 = ... =0.707 + j 0.707
Now the DFT is given by,
Xy = [Welx

-(3)

()



. kn . . . .
Putting values of W8 in Equation (3) and write X, In matrix form we get,

1 1 1 1 1 1 1
1 0707-j0.707 -j -0.707-j0.707 —1 -0.707+j0.707 |
1 - 1 j ‘1 - -1
1 -0707-j0707 | 0707-j0707 -1 0707+j0707 -]
1 -1 1 -1 -1
1 -0707+j0.707 —j 0707+j0.707 -1 0707-j0.707 |
1 ] -1 - 1 i

T 0707+j0.707 ] -0707+j0.707 -1 -0.707-j0.707 -]

{1+2+1+2+0+0+0+o
1+1414-j1414-j-1.414-1.414+0+0+0+0
1-j2-1+j240+0+0+0
1-1414-j1414+j+1414~j1.414+0+0+0+0

X, = '

8
1-24+1-24+0+0+0+0
1-1414+j 1.414—j+1.414+j1.414+O+0+O+Q
14j2-1-j240+040+0

[ 11414414144~ 1414+ 14144 0+0+40+0 |

- P -
1-j2414

0
X, = | 17 12:828 This is the required DFT.
1+j1.828
0
| 1+j3.828 |

1

- 0707 +j0.707

i
-0.707 +j 0.707
-1
-0.707 - 0.707
-]

0.707 - 0.707




Prob. 4 : Determine the length-4 sequence from its DFT.
X(k) = {411_jv"211+j}'
Soln. : The IDFT in matrix form is given by, ‘

(1)

Here Xy is the given DFT matrix. ‘¥’ indicates complex conjﬁgate. To obtain the complex
conjugate, we have to change the sign of j term. For example, complex conjugate of 1—j1is 1 + jl.

Now we have already obtained the matrix W, in problem (). It is,

o111 T
‘ IS T B
[W4] - 1 _1 l _1 Lad ...(2)
I B N B
¢t 1 1 17
£ 41 j -1 —j .
R R A A 1
Given matrix of DFT is,
|' 4
x, = x,=| 17 4
N = %= g ..(@
1+]

“Putting Equations (3) and (4), and putting N = 4 in Equation (1) we get,

1 1 1 1] 4
S A S Bt e et
NT 4|1 -1 1 -1 -2
I N N R R
[ 441-j-2+1+] 4

o Larj-itea-g-f L 4+2+1+1
N T 4l 4-1+j-2-1-7 |T 4] 4-4

L4—j+j2+2+j+j2 4+2-2

....as jz =-1
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