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Numerical Differentiation
It is the process of calculating the value of the derivative of a

function at some assigned value of x from the given set of
values (x;, y,).
To compute dy/dx, we first replace the exact relation y = f(x)

by the best interpolating polynomial y = ¢(x) and then
differentiate the latter as many times as we desire.

The choice of the interpolation formula to be used, will depend
on the assigned value of x at which dy/dx is desired.

If the values of x are equispaced

* dy/dx is required near the beginning of the table, we employ
Newton's forward formula.

° If it is required near the end of the table, we use Newton's
backward formula.

* For values near the middle of the table, dy/dx is calculated

means of Stirling's formula,
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If the values of x are not equispaced,

* Use Lagrange's formula or Newton's divided difference
formula to represent the function.

Formulae for Derivatives

Consider the functiony = f(x) which is tabulated for the values
Xi(=x,+1ih),i=0,1,2, .. n.

1. Derivatives using Newton's forward difference formula
Newton's forward interpolation formula is

Y(xo+ aAX) = yo +(aly,) + a(c;_l) (A%y,) + a(a—13)|(a—2) (Ao st

a(a—1)(a-2)......... (a—n+1)

n|

Differentiating both sides w.r.t. «, we have

2. Ay, +

2a (3a*—6a+2)
da ) N

—1) a2 3
2| (A yO 3| (A y0)+ Sl
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Since (x — xp)
(04

Ax
da 1 1
Therefore —= ==
Now
d_y . % o l (2a=1) ;12 (3a*—6a+2) 3
da dx h[Ayo+ 2| (A%y,) + 3] (A%y) +

(4a® —18a*+22a-6)
: (A*yy) + ... ]

At x = Xo, a = 0. Hence putting a = 0,

d
(d_i)xo F %[AYO . %(Az}fo) v 3i| (8%y0) -

4i| (A*y) + ... ]
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Again differentiating (1) w.r.t. x, we get

d*y 1 (dy da 6a—6
B ( | ) _[2|(A2 yo) + U (8yo) +

BN \da dx
(12a*-36a+22) 1
Y (A4y0) + ... ]Z
Putting a = O, we obtain
d*y 137

1 11 5
ﬁ & F[ Az)’o - AS}’O & 12 (A4YO) e (ASYO)
Else: We know that 1+ A= E = ehD

— (A%yo) + ....]

hD=log(l+A)=A—lA2 +%A3 —iA“ Sl
1 1
Amtprylps Lpe,
o h[ 2™ T3 T4 ]

1 1 1 .
D= A——A —A? ——A"+---] [A A3+ A" ]
and 12 [ 9 3 4 e 12

1 3
and D3=—]2[A3—§A4+---]
2
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Now applying the above identities to y,, we get

di
Dy (d{) = AJO——[A _;0 —A jo——A4_/0+ Asjo——AGJO ]

dy) 1[,, 11 . 5 137
(dxg] - ;,_ﬂ[A“'JO — A%y, +EA4.’IO _EAsljo A% — ]

180
d d’y) 1T, 3 4
an X =h7 A yO_EA o + ...

Derivatives using Newton's backward difference formula

Newton's backward interpolation formula is
(a+1)

Y(x.+ alAx) =y, + a(Vy,) + (V2y,) + v(er DiGEE (V3y,) .

a(a+1)(a+2)......... (a+n—1)
n|

Differentiating both sides w.r.t. a, we have

2a+1 3a’+6a+2

ay _ 2 3’ +6a+2 g
—— = Uy, + (V2yn) + =5 (F9n) e
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Since (x — xp)
(04

Ax
da 1 1
Therefore —
f dx Ax h
Now
faNda 1 2a+1 3a%+6a+2
S — V + VZ + V3
da ax  nlnt g (T T (Vo) :

At x = x,, a = 0. Hence putting a = 0,

dy 1 1 1 1 1
(E)xn: Z[Vyn s (V2y,) + 3 (V3y,) + " (Viy,) + = (Voy, )+

Again differentiating (1) w.r.t. x, we get

dsy 1 (dy_da) _1[2
dx? dx \da dx/ ~— h"' 2|
]l

Putting a = O, we obtain

6a’+18a+11

- (Vom)

6a+6

(Veyn) + =5~ (Fyn) +
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d2

d.X' [szn + v3yn + 15 V4yn Eal Vsyn 180 V6yn .......... ]
Else: We know that 1-V = E-1 = g-hD
~hD=log(L=V)=~{[V4+2 V> +-V* +2V* +..]
s ) D
2 D=£[V+£V2 +1V3+1V4+...]
h 9 3 4

h? h?

‘_J ._J ‘_J

D? = 1[V+1V +1v> ] 1[V'+V’+£V4 ]

Similarl}-«’, ] [V) A v ]
!

Applying these identities to yn, we get

(,l) 1[ 1 1 I I

) : | [
Dy ie., Vy, = V i = V (o V y,—Vy, +7V(’z/,, +]
x ) h 5 - 6

1> 17, . 11 5 . 187 .
‘ jl,/ =—|Vy, +Vy, +—VJ‘1/” +—=V?y + o Vhl/” +---
& ) ' 12 - 6 180

dx™ ) {
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Derivatives using Stirling's central difference formula
Stirling's central difference formula is

a(a’-1%)

Y(xo+ alAx) = o +o (8yo) + 57 (8250) + =— (n&%p) +
1 2_12y(q2—22
a(a—) (8%y,) + (e 5)|(a ) (LR 7Y
Differ‘en’rla’rmg both sides w.r.t. a, we have
ay _ 2a o, 371 o3 40’20 o4 | 40°-3a’-Ba+d c
T udy, + 2| 0%y, + 3] uo°y, + 2] 6%y 5| (16%y,)
Since _ (x—x)
Ax
da 1 il
Therefore E — E — E
Now

3a°—1 4a’~

a . E = —[u yo + _| 62yO a3| HSBYO + = - 54}’0"'
4a°—-3 8a+4

= O;I a (n8%y,) RO |
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At x = Xo, a = 0. Hence putting a = O,
ay
(a)x = %[uSyO : % ud3y, + 3—10 ((TE50'7%
0
Again differentiating (1) w.r.t. x, we get

d*y 1 1 1

Derivatives using unequally spaced values of argument

(i) Lagranges's interpolation formula is
(=gl E—s,) E=ml—a) =)

flx)= Yo +
g — X\ = )l — %) (2, = g, s ===ty — ;)
=ny)ls = ) -le=u,_)

(xn - 1‘0 )(xn — xl ) o (xil - x”-_l

h

+... 4+ )yn

Differentiating both sides w.r.t. x, we get f'(x).
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(ii) Newton's divided difference formula is
f(x)=yy +(x —xg)[xg,x;] + (& —2x)(x —xp)[xg,%7,%5]

+(x — % )(x — 27 )(x — x5 ), X7, X905 ] + - -

+(x —xp)(x —2y)-(x =2, )[xg, %y, %, ]
Differentiating both sides w.r.t. x, we obtain

f ( ) '\,0,’\,1] [?\ — (.\'() -+ X )J [xo,xl,x2]+ [3\2 - 2.\'(.\'” + Ao +.\'2)

+(.\‘().\'] . g XX 5 Lo X3 )J [:\:0 > 1‘1 ,:\:2,.\':;] “+ ...
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