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The Tape

No boundaries -- infinite length

Hemant Kumar
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Read-Write head
REQO-WIIte Neac

The head moves Left or Right
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Read-Write head

The head at each time step: 3P

1. Reads a symbol P
2. Writes a symbol —
3. Moves Left or Right
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1. Reads a
2. Writes k
3. Moves Left
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Time 1
...... a @ k
5%
Thme 2
...... al f K
!
1. Reads b
2. Writes f
3. Moves Right
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The Input String

/U B Input string Blonk s

...... 9(} alblalc 9 0 ¢
T 2 Ia Ty

head T ond &

Head starts at the leftmost position

of the input string
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%W L—>K

Input string Blank symb:

—

...... OOabaC <><><>

head

Remark: the input string is never empty

Hemant Kumar DIT-S307 10



Stotes & Tronsition;

Read- Wﬂ»te/ Move Left

\o | / SR
(@) B2BL(g) 007

Move Right

a—>b,R;/
(@22 )
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Exaomple:

<>abéc<>

a,
current stote\

vl g4
(@)-2=0F (5
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Example
Time T Time T
...... <> <> a b alc <> <> <> <> <> a b alc <> <> <>
! | o
A % & 20)@
C
Time 2 Time 2 L/
...... <> <> a} b/ b % <> <> <> <> <> a b b c <> <> <>
] |
a2 a2
@ a—>bR =@ @ a—b,L =@



@ 0—>0g,R =@
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Determinism
Determinism.

Turing Machines are deterministic

+_Not Allowed
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Partial Transition Function

Exaomple: W
p %\YO)\GA/

...... OOaba@ooo
\

Allowed:

No transition
for input symbadc
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Halting

-

The machine haltsif there are
no possible transitions to follow

TN, SN
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No possible transitic

HALTI

19

Final Stotes

y Allowed
~

/
* Final states have no outgoing transitio

* In o final state the machine halts
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Acceptance

7
If machine halts
in a final state

Accept Input  mmm)
SR

et
g

(tIf machine halts
. in a non-final state
Reject Input  mmmp or

If machine enterg
an infinite loop
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Turing Machine Example

A Turing machine that accepts the langu

=
VR
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Time 0O

mmmmmmmmmmm

Time 1

mmmmmmmmmmm
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Time 2

mmmmmmmmmmm

Time 3

mmmmmmmmmmm
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Time 4 Ol 0l alalal |9
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Rejection Example

Time 0 010 al bl alo |0
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Time 1 010l alblald|o
f
%o
No possible Transitiol
Halt & Reject
e =2

a—aR
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Infinite Loop Example

aAba
a&@% } r

— W e HW
whk

bob L P.;ww*

a—akR 9
X
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Time 0 01 0] a
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Time T

@ 0—=90,L
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Time 2
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Time 2

Time 3

Time 4

Time S
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Because of theinfinite loop:

*The final staote cannot be reached

F

*The machine never halts

- —

*The input isnot accepted
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Another Turing Machine Example

Turing machine for the longufads™ : n>1}

0~V\b - a->*

%37
y—>Vy,R y—vy,L
%
y y/—><>L a—aR a—al
<£2 aexé;?bemL
:\% >

X— X R
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v &b 20
Time 0 lgjabb@()
@ﬂr
y—>Vy,R y—vy,L
y—VY,R a—>aR a—alL
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Time T Q1 X

R
2 | Oy=
oy
<
<
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Time 2 015

\ X
Q
(@)
(@p
<
<

y—-y,R y-yl

%
y y/—><>L a—aR a—a,L
@ a— X, R
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Time 3

y@y/

Hemant Kumar

RQbe y,L
;\% >

Time 4

y@y/
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Time S

y—>Vy,R y—=vy,L

%
y y/—><>L a—aR a—alL
@ \J ”
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Time 6 QI X|X|Ylb|O]|0O
f
]
\//
‘ y—-vy.L
y—>VY,R a—>aR a—al

0—9,L
@ %a 4 X,
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Time 7 QI X|X[Y|lb|O]|0O

!
G

y—-y,R y-oyl

%
y y/—><>L a—aR a—alL
@ a— X, R

DIT-S307
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Time 8
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Time @

y@y/
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RQbe L
> ql y >

Time 10
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Time 11 Ol X|X|YylYylO0

y—>y,R y-ylL
—><>L a—aR a—al
a— X, RQba L

> P%) (@
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Time 12
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Time 13 QI X|X[YlY 0)0

RS
da °
§V/n c&
Halt & Accept ©
@ y->y.R y-oyl
y—>V¥,R a—a,R a—a,l
@ Y, F;/\aex 2,
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Observation:
We easily modify the machine

for the languag@a™":n>1

to constructo TM
for the langyaipe" :n>1}
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Hemant Kumar

Formal Definitions
for
Turing Machines
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Transition Function

@ a—bR ;@

6(q.a) =(g2,b.R)
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Transition Function

(@D c—»d,L;<§9

6(qy,¢)=(gp,d,L)

DIT-S307
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Turing Machine:

Tope
alphabet

—(Q ZF 5 q0,0 F)

Transition
function

Hemant Kumar DIT- S307

Initial
state
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Configuration

Instantaneous description: ca ¢ ba

Hemant Kumar DIT-S307
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Time 4 Time S
Olxialylb|o]0 0l x|aly ¢
f !
a2 do
A Move: g, xayb > X qg ayb
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Olxialy|b|o]0 ¢l xlalylb|O|0

! !

a2 do

Time 6 Time 7

QI X[ X|Ylb|O]|O X[ x|Yylb|O[0
f f
i %

Qo xayb > xqggayb > xxqq yb > xxyq b
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Qo xayb > xqggayb > xxq yb > xxyq, b

*

Equivalent notation: Oo Xayb > xxy ¢4 b
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Initial configuration: g W

Input string

Hemant Kumar DIT-S307 61

The Accepted Language
For any Turing MachinM

*

LIM)={w : dgow > X Qs Xp}

/o

Initiol stote Final state
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Standard Turing Machine

The machine we described is the standar

* Deterministic
* Infinite tape in both directions

‘Tape is the input/output file
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Computing Functions
with
Turing Machines
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A function

DomainD

we D

f(w)

f (W)

has:

Result RegionS

. f(w)e s

Hemant Kumar
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A function may have several
parameters / arguments:

Example:  The Adoitionfunction

f(X,y)=x+y

Hemant Kumar DIT-S307 66

33



Integer Domain

Decimal: S

Binary: 101

We prefer unary representation:

easier to manipulate with Turing machine
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Definition:

A function f is computable if
there is a Turing MachinM such thc

Initial configuration  Final configuratior
O wo |0 o f(w) |0

Jo initial state ds final stote

Forallwe D Domain
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In other words:

A function f is computable if
there is a Turing MachinM such thc

QoW > q¢ f(w)
/ AN
Initial Final

Configurati Configuration

on
vwe D (the domain)
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Example

The functionf (X,y) =Xx+Yy
X,y

A Turing Machine M for f:

Input string: X0y

Output string: xy0

Hemant Kumar DIT-S307

is computab

are integers

unary

unary

70
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>
—<

A
s N[ \
Start ol1111 -~ |1lol1l--- 1110
!
Jo
initiol state

The 0 is the delimiter that

separates the two numbers

Hemant Kumar DIT-S307 71

X y
A A
4 N \
Start ol1111 -~ |1lol1l-- 1110
o initial state
X+Yy
AL
- IR
Finish 01111 1/1/0]|¢
ds final state

36



The 0 helps when we use
the result for other operations

X+Yy
A
- IR
Finish 01111 1/1{0](¢
ds finol state

Turing machine M for the function:

f(x,y)=x+y
1-1R 1-1R 1-1L
% 0—-1R o 0%0,L=@1%0,L= %
0 —=O,R
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Execution Example: |5yt (time 0)

x=11 (2 X y
ol1]1lol1]1]0
y=11 (2) !
Jo

Output (final result)
X+y

01111]1{1/0(¢

Hemant Kumar DIT-S307 75

Time O 01111/0|12(11¢

f

do
1-1R 1-1R 1-1L
%O—)ZLF\’: o OQO’L’@]-%O’LQ

0 —=O,R
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Time 1 ¢01111|10]1]1]¢
f
do
1-1R 1-1R 1-1L
OHZI_,Fiq1 —>0,L=@1%O,Lg
0 —=O,R

Hemant Kumar
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Time 2 O1111/0[11(¢0

1

do
A-51LR) 1-1R 1-51L
% 0—-1R o OQO’L’@]-%O’LQ

0 —=O,R
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Time 3 O1111/0]12(1119¢

f

Jo
1-1R 1-1R 1-1L
0—>O,L =@1% 0, Lg

0 —=O,R

Hemant Kumar DIT-S307 m 79

Time 4 O11(11(1(111(¢0

151R  (A-1R 1511

%O—)lRﬂyO%O,L:@l%O,Lg

0 —=O,R
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Time S O111111/12111(9

151R  (A-1R 1511

QOHLF{Q@O—)O,L:@l%O,Lg

0 —=O,R
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Time 6 O11(11(1(111(¢0

f

o]
151R  151R S1L
go%x%@leo L@

0—0,R
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Time 7/ O111111/12111(9

f

a2
1-1R 1-1R 1-1L
QOALR\E@OAO,LM

0 —=O,R
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Time 8 O11(1/1(1|0(¢0

1-1R 1-

gO—ﬂLF\’= % %0,L=@1%O,L

P
PV
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Time 9 O01111]1]1|0(9¢

i

43
1-1R 1-1R
QOALF& o) —>0,L=@1%O,L

Time 10 O11(1/1(1|0(¢0

gO—ﬂLF\’= % %0,L=@1%O,L
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Time 11 O01111]1]1|0(9¢

QOALF& o) —>0,L=@1%O,L
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Time 12 O11(1/1(1|0(¢0

1-1R 1-1R 1-1L

gO—ﬂLF\’= % %0,L=@1%O,L
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Time 13 0(111]1|12|0(¢

f
Q4

1-1LR  151R 1-51L

% O%l%@—)o,L=@1%O,L= %

0 —=O,R

HALT & accept

Another Example
The function f(x)=2x iscomputable
X isinteger
Turing Machine:

Input string: X unary

Output string: XX unary

Hemant Kumar DIT-S307 90
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X
A

r N
Stort o111 - |19
f
Jo initial state
2X
A
- ™
Finish Ol111 111/1(¢
ds final stote

Turing Machine Pseudocode fqix) = 2x

* Replace everyTwith $

* Repeat:

* Find rightmost $, replace it with’

+ Go to right end, then insert]

Until no more $ remains

Hemant Kumar DIT-S307 92
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A Turing Machine forf (x) = 2x

Hemant Kumar DIT-S307
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Example

Finish

a7



Another Example

1
The function f(X,y)=
0

is computable

Hemant Kumar DIT-S307

if x>y

if X<y

95

A Turing Machine for

1 if x>y
F(x,y)=
0 if X<y
Input: X0y
Output: 1 or O

48



Pseudocode for our Turing Machine:

* Repeat
Match a1 fromX with alfrony

Untilall ofX ory ismatched

*Ifalfrom X is not matched
erase tape, then write(x > y)
else
erase tape, then write@X < y)

Hemant Kumar DIT-S307
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Combining Turing
Machines

DIT-S307

98

49



Block Diagraom

INPUt—;

Turing
Machine

—— output
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Example:

F(xy)=
0

X+y if x>y

if X<y

Adder

Y| |Compoardr

\
X<y

Eroser
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X+Yy
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