[Lecture - 16

Z-Transform



1.1 Introduction :

Fourier transform provides a valuable technique for frequency domain analysis and design of
continuous -.time signals and LTI systems. While the Z-transform provides a valuable technique for
analysis and design of discrete time signals and discrete time LTI systems.

.The Z-transform has real and imaginary paits like fourier transform. A plot of imaginary part
versus real part is called as Z-plane or complex Z-plane. The poles and zeros of discrete time system
are plotted in the complex Z-plane. The pole-zero plot is main characteristic of discrete time LTI
systems. We can also check the stability of system using pole-zero plot.

1.1.1 Advantages of Z-transform :

The importance of Z-transform is as follows :

[y

Discrete time signals and LTI systems can be completely characterized using Z- transionn
2. The stability of LTI system can be determined using Z-transform.
3. Mathematical calculations are reduced using Z-transform. For example convoluticn operation
is transformed into simple multiplication operation.
4. By caiculating Z-transform of given signal, DFT and FT can be determined.
5. Entire family of digital filters can be obtained from one proto-type design using Z-transform.
6. The solution of differential equations can be simplified using Z-transform.

1.2 Z-Transfoyrm :

There are two types of Z-transform :
1. Single sided Z-transform .
2. Double sided Z-transform.

1. Single sided Z-transform :

Definition : A single sidéed Z-transform of discrete time signa! x {n) is defined as,

(1)

Here “Z” is a complex variable. In Equation (1), limits of summation are from 0 to c. So

while expanding the summation we will put only positive values of n (from n =0 to n = = ). So
this is smgle sided or one-sided Z- transiorm

2. Double sided Z-transform

Definition : A double sided Z-transform of discrete time signal x (n ) is defined as,

2)




While expanding the summation, we will put both
positive and - negative values of ‘n’. Thus this is
double-sided Z- transform. »

What is Z-domain ?

Observe Equations (1) and (2). Here we are.
transforming discrete time sequence x(n) into X(Z). .
We know that discrete time sequence x (n) is drawn by
plotting amplitude versus ‘n’. This is called as discrete
domain. In case of Z-transform we are plotting real part
of Z on X-axis. and imaginary part of Z on Y-axis as
shown in Fig. U-1. This is called as Z-domain.

Fig. U-1 : Z-domain

How to denote Z-transform ?

The relationship between x (n) and X (Z) is indicated as follows :
Z . :
x(n) «— X(Z) S , (3

Note that X (Z) is “Z’ transform of x(n). Always, when Z-transform of sequence is
obtained then it is denoted by capital letter, “X’(Z). Here the arrow is bidirectional. This is because
we can also obtain x (n) from X (Z) using inverse Z-transform.

The ‘Z’ transform of x (n) is alsc denoted as, ‘ ,

X(Z) = Z{x(n)} ‘ ' (4)

Here x (n) and X (Z) are called as .Z-transform pairs.
1.2.1 Region of Convergence (RCC) :

In case of Z-transform; the limits of summation are from n = —oo to n = oo, So if we will
expand this summation then we will get an infinite power series. This infinite power series (that
means Z-transform) will exist only for those values of Z for which the series attains a finite value.
(That means the series converges). '

Definition of ROC :

The region of convergence (ROC) of X (Z) is set for all the values of Z for which X (Z)
attains a finite value. Everytime when we find the Z-transform, we must indicate its ROC.

Significance of ROC : -

1. ROC will decide whether a system (filter) is stable or unstable.
2. ROC also determines the type of sequence that means.

(i) Causal or non-causal

(ii) Finite or infinite.



Sblved Problems :.

Prob. 1 : Obtain the Z-transform of following finite duration sequences.
1. x(n)={1,2,4,507
2. x(n)={1,2,4,507}

1
3. x(n)={1,2,4,50,7}
, i)
Soin. : : _
1. Here arrow is not mentioned. So by default it is at first position.
x(n) = {1,2,4,507 ' D
1 !
Accbrding to definition of Z-transform we have,
X(Z) =  §: x(n)Z " (2
N —oo . .

But x (n) is present from n = 0 to n = 5. The different values are as follows :

x(0) =1 x(3) =5
x(1) = 2 x(4) =0
x(2) = 4 ; x(5) =17
“Thus we will change the limits of summation from n =0 to n = 5.
5
X(z) = 2 x(n)z7" - WG
n=0 ‘

Expanding the summation we get,

X(Z) x(O)z°+x(1)2‘1+x(2)2‘2+x(3)z*3+x(4)2‘4+x(5)2‘5

X(Z) = 12°422 ' +427%+52 3 +0z7*+727°

But Z° 1

o)

ROC : This is finite duration sequence. For this sequence we will check for which values of Z;
the value of X (Z) becomes infinity. The simple method to decide the ROC is, put Z = Q and
Z = in the equation of X (Z). '



(i)  Putting Z = 0 in Equation (4) we gét, ‘
X(Z) = 1+§+g % % 1+oo=
We know that %, % et;:. arév equal to eo. And 1+ is a_gain oo, Thus Z = 0 is not valid' as 'it
results X (Z) = oo.
(ii)  Putting Z = - in Equation (4) we get,
X(Z) = 1+2+4+i+l=1+0=1

o oo o0

= 0. Thus putting Z = oo We_get'

Here lﬂ_

finite value. So Z = oo is allowed.

* Now ROC of given sequence is written as follows

ROC : Entire Z-plane except | Z| =0

This ROC is shown in Fig. U-2.

Fig. U-2 : ROC

since x (n) is present on
ence ROC is entire Z-plar

2. Given sequence is,

x(n) = {1,2,4,510,7)} , v (1)
, 1 :
According to definition of Z;transfonn we have,
X(z) = 3 x(m)z7" (2)
. o= —ee
Note that the range of given sequence is fromn=-5ton = 0. The‘ different values of x (1) are :
Cox(=5) =1 ) x(-2) =5
x(-4) =2 x(-1) =0
x(~3) = 4 ’ x(0) =7
We will change the limits of summation from n = —5 to n = 0.
0 . .
X(z) = 2 x(n)z7" o .0
n=-5

Expanding the summation we get,

X(Z)=x(—s)z+5+x(‘—4)‘z+4+x(—3)z+3+x(—2)z+2+x(—1)z+1+x(0)z°
X(Z) = 122+272*+472%+57*+07' +77°



()

ROC : We will determine ROC by putting Z = 0 and Z = e
@) Putting Z =0 in Equation (4) we get, -
X(Z) =. 040+0+0+7=7
This is a finite value. So Z = 0 is allowed.
(i)  Putting Z = o in Equation (4) we get,

X(Z) = oo+ootootow+T =co+7 =0

This is. because ‘o +7 etc. = oo. 80 Z = = is not
allowed. RN i ’

Thus ROC is entiré. Z—plzinei’: except | Z1 = oo, This
ROC is shown in Fig. U:3.

x‘(;n) is anticausal. Thisis be
‘Thus for anticausal finite du

3. Given sequence is,
Cox(n) = {1,24,50,7) ,, (1)
T
According to definition of Z-transform we have,
X(z) = % x(n)z7" : ‘ (2)
. n =-—c0 |
. But x (n) is present from n = —2 to n = 3. The different values of x (1) are as follows :
' x(-2) = 1 x(1) =5 '
x(=1) = 2 x(2) =0
Cx(0) = 4 : - x(3) =7
We will change the limits of summation fromn = -2 ton = 3.
' ~ n=3
X(Z)y = Y x(m)z ™" v -3
n=-2 T

Expandifg the summation we get,
p g g

X(Z) = x(-2)Z 24x(-1)Z 1 +x(0)Z+x(1)Z ' +x(2)Z2 %+x(3)2"°




L@

ROC : We will determine ROC by putting Z=0and Z = in Equation (4).
(i) = Putting Z = 0 in Equation (4) we get,

X(Z)

5.2.17
0+0+4+0+0+0_4—‘}—’oo_oe

This ié because > 2 and 7
. ’ 0 0

Thus Z

= 0 is not allowed.
Gi)’  Putting Z = o in Bquation (4) we get,
' 2
X(Z) = °°+°°+4+i+:‘+l=oo

oo 0 00

Thus Z = oo is not allowed.

ROC : ROC is entire Z-plane except | Z| =0
and 1 Z | = oo,

This ROC is shown in Fig. U-4.

‘Bothsided sequence. This is:
values of ‘n’. Thus for bothsided
Zl=0and |ZI] = oo

£

Summary of ROC :

Table U-1 shows the ROC for different finite duration sequences.
Table U-1

OC (Diagram)




1.2.2 Z-transform of Standard Sequences :
In this section we will OBtain Z-transform of some standard sequences. Most of the standard
sequences are having infinite duration. But there are some exceptions like unit-impulse, & (n ).
1. _' Z-transform of unit impulse § (n) :
'Unit impulse & (n ) is shown in Fig. U-5. It is given by,
3(n)

1 only atn =0
=0 otherwise

According to definition of Z-transform we have,

oo

X(z) = Y x(mz )

n=-—occ

Here x(n) = &(n)

(o)

L X(2) = ¥ szt (2)

n=-—oo

Fig. U-5 : Unit impulse § (n)

Since & (n) is present only at n = 0 we can directly write,
X(Z) 5(0)Z°
But 8(0) = 1 and Z°=1




-(3)

ROC : In Equation (3), there is no “Z’ term. So ROC is entire Z-plane. That means Z can have
any value. o
Thus the Z-transform pair is

2. Z-transform of delayed unit impulse, 3 (n-k)

Here §(n-k) is a delayed' unit impulse. It indicates that
'8 (n) is delayed by k’ samples. It is shown in Fig. U-6. -

It is given by,

d(n-k) = only atn=kand k >0

1
=0 -otherwise

Fig. U-6 : Delayed unit impulse

According to definition of Z-transform we have,

X(z) = 3 x(n)z7" . (D)
n=—oo
ﬁere x(n) = 6(n-k), k>0
X(z)y= Y  8(n-k)z7"
nN=—oo

But 3(n-k) 1 only at n = k. Thus. we get,

X(Z) = 1.27%




ROC :
Here X (Z) = 77 kK= Elf Since k is positive, ( k> 0) for any value of ‘Z’ (except Z = 0) we

will get finite value of X (Z). Thus ROC is entire Z-plane except Z = 0. This is because if we put
Z =0 then X (Z) = co. Thus the Z-transform pair is, '

=

3.  Z-transform of advanced unit impulse , 3(n+k), k>0:

Here 8 (n+k), k > 0 is an advanced unit impulse. It indicates that & (n) is advanced by
‘+ X’ samples. It is shown in Fig. U-7.
It is given by,

8(n+k) = only atn =~k k>0 o oEe Y

i
= 0 otherwise

According to definition of Z-transform we have,

oo . 5 L :n
X(2) = ¥ x(mz™" R
n=—oco : :
Here x(n) = d&(n+k) Fig. U-7 : Advanced unit impulse
X(Z) = Y d(n+k)z "
Nn=-—o0

)

But 8{n+k) = 1 onlyatn =k Thus we get,

1-ZK

X(Z)

1}

ROC :
Here k > 0. So we wiil get finite values of X (Z) for all ‘Z’ except Z = co. Because for-
Z =ocoweget, X(Z)= (e )k = oo, Thus ROC is entire Z-plane except Z = oo ‘

Thus Z-transform pair is,




4.  Z-transform of unit step, u(n) :

We know tha%t u (n)-is unit step as shown in Fig. U-8.

It is given by,

u(n) fornz20

1]
i

fi
=)

otherwise B IR RS S
Fig. U-8 : Unit step
Acéording to' the definition of Z-transform we have,
X(z) = Y x(m)z™" ' A1)
n=-—o0 N .

Here x (n) = u(n). Since v (n) is present from n = 0 to n = o we will change the limits
of summation. ‘ (

X(z) = Y, -u:(n)Z‘“ ‘ : o)
n=0

But the magnitude of u (n) is always 1.

4

SO X(z) > t.z7!

n=0

X(Z) = (z~ 1y o L3

L
M g

n=0

The standard equation of geometric seties is,

()

Let A = 7z~ Thus Equation (3) becomes,
X(Z) = L if 5AI<1=#—ifIZ_li<l
I-4a . v 1-7"1
Multiplying numerator and denominator by Z we get,
X(Z) = —'—Z—'~1— i 1774 <1
: Z-7"

1727 1<1




In Equation (4), the condition “if |A| < 1" indicates that if this condition is satisfied then
only the geometric series is convergent otherwise not. In the glven example we get this condition as,

1z~ 1 | <.1. That means thls is the condition of ROC

Thus ROC : 1Z" 1< 1

that means <1

Z

:IH<IZL1
ROC1sIZI>1

This ROC is plotted as shown in Fig. U-9.

Thus ROC is exterior part of circle having radius 1.

Thus the Z-transform pair is,

" Fig. U-9 : ROC of unit stepb'

Why to draw circle only ?

Re(@)

The given ROC is 1Z| > 1. In case of circle having radius 1, every point outside the
periphery of circle satisfies this condition (iZ |>1). For other diagrams like square or triangle this

COndlthIl cannot be satisfied.

e sequence and as shown in
it means this sequence is presen

5.  Z-transform of unit ramp :
We know that unit ramp sequence is denoted by r (n ). It is as shown in Fig. U-10.

Its magnitude is as follows :
at
at

at

at

r(n)

r(n)

Fig. U-10 : Unit ramp

n=0, r(n)=0

n=1, r(

n)=

n=2}, r(n)=2
n=3, r(n)=3..

= 1n

= 0

nu(n)

Thus it is expressed as,

forn =0

otherwise

(1)

Since this sequence is again causal sequence we can write

(2



According to the definition of Z-transform we have,

X(Z) = ¥ x(mz" .0)
n=—oo ‘
But here x(n) = r(n)=nu(n)
o X(Z)= Y numz® ' (4
n=-—o° ‘

Just now we discussed that the multiplication by u(n) results in a causal sequence. So the '
limits of summation will be from n = 0 to n = c. Remember that since the magnitude of u(n) is
1; it will not affect the calculation. It is just used to change the limits. So now onwards we will not

write u (n) in the calculations.

X(z) = ¥ nz7"= Y n(z™') 06
 n=0 n=0

Now use standard summation formula,

71, Thus Equation (5) becomes,

Let A
71
'(1—Z'1)2

" To convert this equation into positive powers of ‘Z’ we will multiply ‘numerator and

X(Z) if1z <1

denominator by 7.

o 2 -1
L X(Z) = —55—5—73 if 1271 <1
72(1-z71
- — Z_——— it 1zl <1
72(1-22"'+27%) ‘
-z i 1z7h <1

72_27+1



ROC : Here the condition “| Zfl | < 1" indicates the ROC.

ROC is

Thus ROC is exterior part of circle having radius 1. This ROC is same as shown in Fig. U-9.

N

1

Thus the Z-transform pair is

6. Z-transform of right hand exponential sequence :

' < 1=1<lZl

As the name indicates, it is an exponenual sequence present at the right hand that means only

for positive values of ‘n’. So it is a causal exponential sequence. Thus it is expressed as,

x(n)=0o"u

(n) = o

= 0

forn=0

forn<0

This exponential sequence is shown in Fig. U-11.

According to definition of Z-transform,

X(Z) =

oo

Zx.(n)Z"n

n=—oo

(1)

)

Here x(n) = o"u( n) Since the sequence is muluphed by u{n), the limits of summation

will change. It willbe n = 0 to n = oo

‘ ::d’nu(n)

olum

(@

Fig. U-11 : Exponential sequesce o™ u (1)




W X(Z) = Y otz7" 4 : .03)
: n=0 - /
Let us bring it in the form of A”.

X(Z) =Y (az” ')y N
n=0

Now we have the equation of geometric series,

Let A=0Z" 1. Thus Equation (4) becomes,

: X(z) = ——— it laz""i<] | . (5)
: ‘ 1-azZ” _ o
' ‘To convert it into positive powers of Z; multiply numerator and denominator by Z.
. L X(Z) = ;1 if 10z <1
‘ Z(1-0Z™ ")

ROC :

This condition | Z ™! 1< 1 indicates the ROC.

¢ © ROCislaz 'I<1l = <l=lal<lZ]

Nig

“Thus ROC is 1Z1 > lacl.

. It indicates that ROC is exterior part of circle
‘ having radius o.

This ROC is shown in Fig. U-12.

Thus we can write Z-transform pair as,




- 7. Z-transform of left handed exponéntial sequence :

As the name indicates; it is an exponential sequenc_:'e present on left hand side; that means
only at negative values of ‘n’. So it is anticausal or non-causal exponential sequence. It is expressed
as, o

x(n) = -d®u(-n-1) . ' (D

"Here u (—n) is folded unit step'as shown in Fig. U-13(a).

(a) Folded unit step, u(—-n) . ‘ (b) Sequence u(—n-1)
Fig. U-13

While u (—n— 1) indicates the advancing of u(~n) by ‘1’ sample. It is obtained by shifting
Fig. U-13(a) towards left by 1 sample. This sequence is shown in Fig. U-13(b).

Note"that this sequence is having magnitude equals
to 1. Fromn = —1ton = —o, So we can express it as,

u(-n—-1) =1 forn<-1

4.3 2 10 =0 forn20 (2)

N~
' » Clearly this is an anticausal sequence. So -
o] . multiplication of any sequence with u(~n—1) gives
e e anticausal sequence. And since its magnitude is unity; it
' ; s‘;Q ;. will not change the magnitude of sequence after ..
[Foro< 1;] multiplication. Now anticausal exponential sequence is
shown in Fig. U-14.

Fig. U-14 : Anticausal exponential sequence

o ’
"E

v

3

According to definition of Z-transform we have,

oo

X(Z) = Y x(n)Z " : ~(3)
But x(n) = =-o’u(-n-1)
X(z) = ¥ -ofu(-n-1)z7" - &)

n=-—o0



Hefe multiplication by u(—-n-1) gives anticausal sequence present from n= -1
to n = ~oo. So we will change the limits of summation. And since the magnitude of (- ™) is not
changed with this multiplication; we will not consider the term i (~n— 1) in the calculations.

v . | ,
X(Z) = Y (-oMz™""

n=-—o0

Here also we will have to bring it in the form A",

__] R .
X(z) = Y -(a*lz7ly | B (5

The limits of summation are negative, so to make it positive we will substitute

I = -n
n = -/
when n = —oo, we get —eo = —[; That means [ = o -
" and when n = -1, we get —1 =-1 That means [ = 1.
X(z) = Y -(alz7h)™! 6
~Take negative sign outside and change the Iterm inside the bracket.
X(z) = -¥ (a”'2) o A7)
1=1 D ' Lo
Now put A = OL_IZJ
Thus Y Al = A+AZE A F A L = A1+ A+ A% S ) ,
=1 ’
The térm inside the brécket is standard geometric series which converges to T A iflAl<1.
Thus we get,
YA = Ax— it 1Al<1 (8
1—A ‘
I=1 : s :
Thus Equation (7) becomes,
CX(Z) = —(a‘IZ)x——il— ifla~'Z1<1-
. l-a™ " Z
1) if [£] <1
o

1-(Z/a)



Z/a

_— iflZl <o
Z/lo—-1

X(Z) =

Multiplying numerator and denominator by o we get,

Here ROC is | Z| < | o1. That means ROC is
interior part of circle having radius o. This ROC is
~ shown in Fig. U-15.
Thus Z-transform pair is

s :sequence is an infinite exponentiai sequence and
e anticausal Sequence is interior part of circle having radi

Comment : Z-transforms of o’u(n) and —o’u(-n—1) are same but their ROC’s are

different.
(8) - Z-transform of two. sided expoenential :
Consider two sided eprnential sequence, which is addition of causal and non-causal

D)

exponential sequences. Thus,
" x(n) = d®u(m)+pu(-n-1)

This two sided exponential sequence is shown in Fig. U-16(a).

284

S 4-3-2-11{01

Fig. U-16(a) : Two sided exponential

Let x (n) = o"u(n) and xz(n)=ﬁ“u(—n—l).

Now X(Z) = X, (Z)+X,(Z) (2




We have obtained the Z-transform for such sequences separately.

Z-transform of a"u(n):

Z .
We have o"u(n) (-—-)L if1Z1 > lal
. Z-q i
Z .
L X (Z) = = if1Z1 >lal
Z-q :
Z-transform of Bfhu(-n-1):
. . i
We have ~o'u{-n-1) «— =  flZI<lal
Z-o :
From thig we can write, | .
| Bu(—n-1) = 2—%—5 iF171 <181
X (z} 1 TAVARIL IR
2 - Z-B
Putting Equations (3) and (4) in Equation (2) we gst,
i . Z Z
X(Z) = —F—-—-"—
(2) Z-0 Z-P

ROC:1ZI> laland 1Z1 < IBI
Deciding combined ROC :

-3)

()

We have obtained ROC séparately. Now for the total sequence we will find ROC for which
X(Z) = X, (Z)+X,(Z) will convergent. In other words there should be some overlap of two

ROC’s. Now this will depend on the values of o and f.

We will consider iwo cases as follows :

Case I: If 1Bl <lal ‘
This ROC is plotted as shown in Fig. U-16(b).

We know that for X1 (Z), ROCis'1ZI| > lol ; wﬁich is exterior part of circle having radius

o, that means exterior part of outer circle. And for X, (Z), ROC is |Z1 <IB1; which is interior

part of circle having radius B. That means interior part of inner circle.

Now as shown in Fig. U-16(a), the two ROC’s will not overlap. There is a gap between two

ROC’s. For this portion, X (Z) will not convergent. That X (Z) will not exist. .

Case I : If IB1 > lal
This ROC is plotted as shown.in Fig. U-16(c).



1 1.2)] i ‘nooverlap = : i@l ] ad
@»— ' T
N4 @ A\
E\] ] » R.(2) > R.(2)
\\\\§ § m L Roc of X(2)
(b) ROC for B! <lal ' ‘ (c)ROCforlBI>lal

Fig. U-16

In this case there is a ring in the Z-plane. In this case both power series converge
simultaneously. That means X { Z) exist.
Zz Z

LX) = X (4K (2)= R oo

e "o__mb'_ine many Z-transforms the ROC of the ov’ér_"a
tion of the individual Z-transforms. ‘ :

Summary of ROC for infinite duration sequences :

Table U-2 shows the ROC for infinite duration sequence.
Table U-2

Infinite duration sequence




1.2.3 Properties of ROC :

We have solved some examples using Z transform and we have discussed ROC in each case.
Based on this; the properties of ROC are summarized as follows :
(€))] The ROC is a ring, whose center is at origin.
2) ROC cannot contain any pole.
(3) If ROC of X(Z) includes unit circle then and then only the fourier transform of D.T.
sequence X(n) converges.
4) The ROC must be a connected region.

(5) For a finite duration sequence, x(n); the ROC is entire Z plane except Z = 0 and Z = oo.-
(6) If x(n) is causal then ROC is exterior part of circle of radius say ‘o’.
(7) If x(n) is antlcausal then ROC is interior part of circle of radius say ‘o’.

() If x(n) is two sided sequence then ROC is intersection of two circles of radii ‘o’ and ‘B
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