
SIGNALS & SYSTEMS
Z-Transform



• Continuous systems: Laplace transform is a generalization of the

Fourier transform.

• Discrete systems : Z-transform, generalization of DTFT, converges for a

broader class of signals.

• In Laplace Transform we evaluate the complex sinusoidal
representation of a continuous signal.

• In the Z-Transform, it is on the complex sinusoidal representation of a
discrete-time signal.

Comparison of Laplace ad Z-Transform

• Fourier transform plays a key role in analyzing and representing
 discrete-time signals and systems, but it is not applicable for all signals.



Relation between DTFT and Z-Transform
• The DTFT provides a frequency-domain representation of discrete-

time signals and LTI discrete-time systems

• Because of the convergence condition, in many cases, the DTFT of a
sequence may not exist, thereby making it impossible to make use of
such frequency-domain characterization in these cases

• A generalization of the DTFT defined by

leads to the Z-transform

• Z-transform may exist for many sequences for which the DTFT
does not exist.

• Use of Z-transform permits simple algebraic manipulations
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Relation between DTFT and Z-Transform





Definition of Z-Transform Definition of Z-Transform 



Example of Z-Transform Example of Z-Transform 
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The values of z for which X(z) is finite are known as region of 
convergence (ROC)

Try other signals: impulse function, ….

Elementary signals



For causal sequence

az
az

z

az
zazazX n

n

n

n

n 





 










 ;

1

1
)()(

1
1

00

000)(  nforandnforanx n

For Anti causal 
sequence
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The two sequences have same X(z) but their ROC is different. Without ROC we can 
not uniquely determine the sequence x(n). Generally, for causal sequence, the ROC 
is exterior of the circle having radius a and for anti causal sequence it is interior of 
the circle.

Find X(z) and ROC for x(n) = αn u(n) + βn u(-n-1)
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Significance of ROC



Z-transform pairs
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Z-transform pairs
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Z-transform pairs
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Zero and pole
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 The Z-transform is most useful when the infinite sum can be expressed in closed form, usually a ratio of polynomials in z (or Z-1).

  zX Pole: The value of z for which

Zero and pole
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• Convolution:

Proof:

Change of index on the second sum:

The ROC is at least the intersection of the ROCs of x[n] and h[n], but can be a larger region if there is pole/zero cancellation.

• The system transfer function is completely analogous to the CT case:

• Causality:

Implies the ROC must be the exterior of a circle and include z = .
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Convolution



• Initial Value Theorem:

Proof:

• Final Value Theorem:

• Example:
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Initial-Value and Final-Value Theorems (One-Sided ZT)
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Table Common Z-transform Pairs



Properties of Z-Transform


