Convection



Heat transfer from extended surfaces

In some practical operations such as the heat exchange between a gas and a liquid, a very large heat transfer area
is required as the gas-phase heat transfer coefficient is usually very low

A larger requirement of heat transfer area would mean a very large heat exchanger equipment

This is often not practically feasible and alternate arrangements can be made to increase the surface area on the
gas side

When additional metal pieces are attached to ordinary heat transfer surfaces such as pipes or tubes, they extend
the surface for heat transfer

The rectangular metal strips or annular rings used to increase the heat transfer area are called fins

The finned surface is also known as extended surfaces

Fins are the extended surface protruding from a surface or body and they are meant for increasing the heat transfer
rate between the surface and the surrounding fluid by increasing heat transfer area

(a) (b) (c) (d) (e) () (§) (h) (1)
(a) Longitudinal fin - Rectangular profile (d) Longitudinal fin - Concave parabolic (f) Radial fin - Triangular profile (h) Pin fin - Tapered profile
(b) Longitudinal fin - Rectangular profile (e) Radial fin - Rectangular profile (g) Pin fin - Cylindrical (i) Pin fin - Concave parabolic

(c) Longitudinal fin - Trapezoidal profile
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Let us consider a fin (rectangular) that protrudes a distance ‘I’ from a wall as shown
in the figure

The fin has a length 'I’, thickness, 'w’ and breadth ‘b Hot wall

The temperature of the wall is Tg and the ambient temperature is T,
The temperature at any transverse section of the fin is constant
The area for heat conductionis = A = bw

The area for heat loss by convection from the exposed fin surface to the ambient =
2bAx + 2wAx = 2(b + w)Ax = PAx 0
where P = perimeter = 2(b + w)

Making a balance over the small element Ax,

Rate of heat input at x = Aq, |, = —kA ar
dx|ly

Rate of heat output at x + Ax = Aqy|y4pnr = —kA ar
axlx+Ax

Rate of heat loss from extended surface = hPAx(T — T,)
Rate of heat accumulation at steady state =0

Therefore,

—kA % - (—kA ar ) — hPAX(T —=T,) = 0

X axlyx+Ax



kA ar kA ar hPAx(T —T,) =0
dx dx * °r
X xX+Ax
I kA % — kA %
Ax—0 o X —hP(T—T,) =0
Ax
d*T
kAW— hP(T - To) =0
d*T hP (T—T)=0
dx2 kA o7
(T _ 2
let 6 =(T—T,) and m =
2
R0 —m29 =0 = Second order linear differential equation
dx?
General solution |0 = C;e*™ + C,e™™* = gives the temperature distribution

The boundary conditions used to determine C; and C, is of three types



Case | : Fin is very long (infinite), temperature at the end of the fin is the same as the surrounding fluid
0 =Ciet™ + Cre ™

At x =0, T =T, and x=0 6,=T,-T,

At x = oo, T=T, and x=0o, 6,=0

Using Boundary Condition 1 6, =C;+Cy

Using Boundary Condition2 0= C,e™ + C,e™®

Sincee™® =0, C;=0 and C(C, =6,

9 = Qle_mx
T—T, o
o, = e Mx = temperature distribution in fin for Case |
T, — T,
Heat loss from the fin, Q = —kA (ﬂ) 0=(T-T,) and o) _ &
dx/ x=0 4o & dx dx
e
dx x=0 0 = Qle—mx
or, Q = —kA(—m0,) = kAm6,

do

— = —mb,e” ™

’hP dx

or, Q—kA k_A(Ts_To) % g
dx) et

or, Q = VRPEA(T; — T,) *=0




Case 2 : The end of the fin is insulated

At x=0, T=T;, and x=0 6,=T,—-T,
dT do

At x =1 Ezo and x =1, EZO
Now, 0 = Ciet™ + C,e™™*
il = mCe™™* —mC,e™™*
dx
Using Boundary Condition 1 0, =C; + C,
Using Boundary Condition2 0= m(Cye*™ — C,e™™)
Cl +ml C e —-ml
Cz = Cle
0, = C, + C, = C; + Cre?™ = C1(1 + e?™)
0
C, =
LT (14 e2mh)
o eleZml B 61
27 (14 e2m) T (14 e—2ml)
Putting the values of constants we get,
O = 01 +mx 01 —mx

AterD®  T(@tezm)®




0

0, +mx 0, —mx

T Arer)® T te2m)©

Multiplying the top and bottom of the first term by e =™ and top and bottom of the second term by e™

9=91

e—m(l—x)

em(l—x) e—m(l—x) + em(l—x)

=0
(eml + e—ml) 1 (eml + e—ml)

6=, [cosh[m(l — x)]]

cosh[ml]

T—-T, _ coshm(l — x)]

T,—T,  cosh[ml]

= temperature distribution in fin for Case 2



Heat loss from the fin, Q = —kA (%)
x=0

— do
T ax—o

do
x = mC(Cje

do
a ) = mC1 — mCZ

=0 _ mb, mo, B 9
T @ tezm) (1t+e2my

+mx —-mx

—mQC,e

1 1
[(1 +e-2ml)  (1+ ezml)]

ml e -ml ml _ ,—ml

e e e
= —mb; [(eml + e—ml) a (e—ml + eml) = —mb, Lml + e—ml

] = —mé6 tanh(ml)

Q = —kA (%)xzo — _kA(—m®8,) tanh(ml)

= kA hPT T h(ml
Q= k_A(S_ o)tanh(ml)

Q = VhPkA(T, — T,)tanh(ml)




Case 3 : The fin is of finite length and loses heat by convection from its end

At x =0, T =T, and x =0, 6, =T, —T,
dT de
At x =1, _kAE = hA(T —T,) and x =1, _kAE = hA6
9 = Cle+mx + Cze_mx
NOW, do — mC.et™* C,e~mx
I m(C;e mC,e
Using Boundary Condition 1 6, =C; +C,
Using Boundary Condition 2 Z—z — = % 6
m[C e+ml _ Cze—ml] — ——[C e+ml + Cze_ml]

Now,

Replacing the value of C; (= 68; — C,) in the previous equation, (6, — C,) [e+ml + %e”’”] = C, [e‘ml —

€, =0, —C;

h h _ h _
Qle+ml+ﬂele+ml_cze+ml_ﬁcze+ml =Cze ml_Cz_e ml

mk

h
ml
0;e (1 i —k>

CZ = h
(e+ml + e—ml) + m(eﬂnl _ e—ml)

h _
— e ml]
mk



NOW, Cl = 91 — CZ
Replacing the value of C, in the above equation enables us to find the value of C;

Cl = 91 — CZ = 91 61 (1+mk)

(e+ml e—ml)_|_ (e+ml_e—ml)
91%l+91€_ml+9 %ml 9 —ml 0 e/’/l Q%A-ml
C — k
1 (e+ml+e—ml)+ﬁ(e+ml_e—ml)

6 e‘ml(l - L)

mk
(e+ml+e—ml)+ ﬁ(e+ml_e—ml)

Cq

Replacing the values of C; and C, in 0 = C;e™™* + C,e™™* we get,

. 6,e~™ <1 - %) CREE X 0,e™ <1 + %) e M
(e+ml + e—ml) + % (e+ml — e—ml) (e+ml + e—ml) + % (e+ml — e—ml)
[em(l —x) 4 o—m(l- x)] + ( h ) [em(l —x) _ g—m(l- x)]
0_1 =

(e+ml + e—ml) + % (e+ml — e—ml)

h\ .
o _T-T, _ aostplllll =2l < <W> sl — 2] | temperature distribution

0, T,—T, st - (%) sl in fin for Case 3




Heat loss from the fin, Q = —kA ( ) = —kA (g)
x=0
_9 +mx __ —-mx
vl mcCje mC,e
ml,e” (1 — %) m@,;e™ (1 rr?k)
< ) = mC1 - mCZ = h - h
(e+ml + e—ml) + W(e+ml _ e—ml) (e+ml + e—ml) 4+ — — (e+ml —e ml)
(e™ — ™) + Lk (e™ — e~m) sinh(ml) + chosh(ml)
m — m

== —m91 h
cosh(ml) + msinh(ml)

(e+ml + e—ml) + %(eﬂnl _ e—ml)

. h
sinh(ml) +ﬁcosh(ml)

dao
Q ( )x=0 ( m 1) [cosh(ml)+#sinh(ml)

dx
. h
hP sinh(ml) + —kcosh(ml)
Q= kA |1 (Ts = T,) .
cosh(ml) + Wsinh(ml)

h
tanh(ml) + pro

= VhPKA(T, — T,)

h
1+ pro tanh(ml)




Fin efficiency

* To indicate the effectiveness of a fin in transferring a given quantity of heat, a new parameter called the fin efficiency is
defined

actual heat transferred
heat that would be transferred if entire fin area were at base temperature (max heat transfer)

Finefficency = n; =

* The fin efficiency can be estimated for all the cases discussed previously

* The heat transfer from a fin is maximum when the fin material has infinite thermal conductivity and the temperature along
the length is the base temperature

Qmax = hAconvection(Ts - To) — hPl(Ts - To)

P = verimeter = 2(b + w
Case l: P ( )

Q = VhPkKA(T, — T,)
Qmax = hPl(Ts - To)

 VRPKA(T,—T,) 1 |kA
= ThPIT, —T,)  1.|hP

1
77f=ﬁ




Case 2:

-
|Q = VhPKA(T; — T,)tanh(ml)

Qmax = PPICT; — T,)
_ Q = \/W(T% T,)tanh(ml) B 1 kA
Nr = hPl(TS/L T,) = Tj;tanh(ml)
_ tanh(ml)
= ml
Case 3:
tanh(ml) + %

Q = VhPKA(T, — T,)

h
1+ mk tanh(ml)

Qmax = hPU(Ts — T,)

h
tanh(ml) + —
hPRA(T, 7/7‘0) h il h
n = 1+ 2 tanh(ml) _ 1 Jka tanh(ml) + o
i hPU(Ty/~ T,) D PO
mk

h
tanh(ml) + p—

h
B 1+ pry tanh(ml)
r = ml




Problem

A carbon steel pipe (actual ID = 78 mm, wall thickness = 5.5 mm) has 8 longitudinal fins (with ends insulated) of 1.5 mm
thickness. Each fin extends 30 mm from the pipe wall. The thermal conductivity of the fin material is 45 W/m°C. If the
wall temperature, the ambient temperature and surface heat transfer coefficients are 150°C, 28°C and 75 W/m?°C,
respectively, calculate the % increase in the rate of heat transfer for the finned tube over the plain tube of 1 m each.

The rate of heat transfer from a plain pipe, Q, = hA(AT) = h(2ur,L)(T, — T,)

Q, =h(2nr,L)(T;, — T,) = 75 X 2 X w x 0.0445 x 1 X (150 — 28) = 2558.36 W

The rate of heat transfer from a finned pipe, Q; = Q, + @ (Qf = heat transfer from fins)

. : hP f 75x2.003 h=ntt
For a finned pipe, m = [-= = | ————=47.18 = 3945.5 = 44.5 mm
For a fin with insulated ends, 71y = tanil7(41;.1><80>:)(;.03) = 0.6278 P=2(b+w)
' ' =2(1+ 0.0015)
Qf = VthA(TS — To)tanh(ml) ' =2.003m
Qr = V75 x 2.003 X 45 x 0.0015 x (150 — 28)tanh(47.18 x 0.03) = 345.288 W A= bw

For eight fins, the total heat transfer due to fins is = 8 X 345.288 = 2761.83 W = L X OOUS= Bl it




Now, the area of contact of a fin with the pipe wall=1m X 0.0015 m = 0.0015 m?

Area of contact of eight fins =8 X 0.0015 = 0.012 m?

Free outside area of finned pipe = (2 X w X 0.0445 X 1) — 0.012 = 0.2796 — 0.012 = 0.2676 m?

Y
s

Therefore, the rate of heat transfer from the free outside area of pipe,
Q, =h(A,)(T;, —T,) =75 % 0.2676 X (150 — 28) = 2448 W

The total rate of heat transfer from a finned pipe, Q; = @, + Qf

Qy = 2448 + 2761.83 = 5209.83 W

Percentage (%) in heat transfer using finned pipe = 5209;:5;235658'36 X 100 = 103.64%



