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THE RIEMANN - STIELTJES INTEGRAL

LECTURE -1

Today we will discuss about the Riemann Stieltjes Integral and some of its
properties.
We know that the integral calculus is the outcome of an attempt to solve the
problems of finding the area of the plane bounded by curves, in this process it is
necessary to divide area into a very large number of small elements and then to
obtain the limit of the sum of all these elements when each is infinitesimally small
and their number is indefinitely great. Afterwards it was seen that the process of

integration could be viewed as a process inverse of differential.

Riemann was the first scholar to give a satisfactory, rigorous arithmetic definition
of the integral of a bounded function and also established a necessary & sufficient

condition for existence of the definite integral of function.

Definition of Riemann Integral : Consider a bounded real valued function f (x)
defined on closed interval [a, b] =1.By a partition of | ,we mean a finite set of
real number P = {Xo,X1 X,-----X,, } such that a=xy <x; <x; ---,x, =b The closed interval

[Xo ,X1] ,[X1,%5 ] ==---------- [Xn.1,Xn] constitute the segments of partition. we denote



the sub-interval [x..1,x;] and its length x, — x.; by §, . the greatest of the lengths of

sub interval is called norm denoted by Il P Il = Max.{ 6, : r=1,2, -------- n}.

As we have already studied about lower, upper bound, sup & inf. of function in
B.Sc. 3,4 Year,so let m & M be the inf. & sup of bounded function f(x) of [a, b]

respectively. Now form the sum

s=L(P,f)= 3" .am, 6, S=U(P,f)=3".1M, 6§, ThesumsandS are
called Darboux sums. They are also called the lower & upper Riemann sum

respectively, evidently s <S and r=1,2,3 ----- n

We have m < m, £ M, <M therefore 3".; m &, £3",.im, 8§, 3"-1M, 6, < 3"..1M 6,
i.e.m(b —a) < L(P,f) < U(P,f) < M (b —a) Now consider all possible partition of [a,b].

Now we define upper integral & lower integral as follows

[.2f(x) dx = inf. {U(P,f) : P is a partition of [a ,b] } and _Ibaf (x) dx =Sup{L(P, f ):Pis a

partition of [a,b]}

If [.°f(x)dx = _j'baf (x) dx = [°,f (x) dx then we say that f is Riemann integrable

or R-integrable or integrable over [a ,b] denoted by (R )[a,b], or simply [°.f (x) dx

Now we will study about Riemann-Stieltjes integral which is the generalized

concept of Riemann Integral given by Thomas Joanes Stieltjes (1856 — 1894).



Definition of Riemann Stieltjes Integral : Consider a bounded real valued
function f (x) defined on closed interval [a, b] =1 .By a partition of | ,we mean a
finite set of real number P = {x¢,x1 Xp-------- -- Xn} such that a=xy <x; <X, ---,X, =b.The
closed interval [xo ,x1] ,[X1,%X3 ] --—-------- [Xn-1,Xn] constitute the segments of the
partition. we denote the sub-interval [x.1,%x,] and its length x, — x,.; by §,. the

greatest of the lengths of sub interval is called norm denoted by I P Il =

As we have already studied about lower, upper bound, sup & inf. of function ,so

let m & M be the inf. & sup of bounded function f(x) of [a, b] respectively. Let

m, = inf.{ f(x) : x € [x.1, X]} and M, = Sup.{ f(x) : x € [x.1, X]} . Let g be
monotonically non decreasing function on [a, b] ,write 6g, = g(x, ) — g (X .1 )

.then 6g.2 0.

Now form the sum

s = L(fgP)=3"-1m,6g S =U(f,gP)=3".1M, 6g. These sums sandS are
respectively called lower & upper Riemann -Stieltjes sums .evidently s £ S and”

r=1,2,3 --n

We have m £ m,< M, < M therefore 3"..; m,6g, < 3"-y m, 8g, <3n..;M, 6g; <



$"-1 M 8g, i.e. m(b — a) < L(P,f,g) < U(P) £ M (b —a) Now consider all possible
partition of [a, b] ,now we define upper & lower Riemann -Stieltjes integral as
follows_fa,b f(x) dg =inf. {U(P,f,g,) : P is a partition of [a ,b] } and _Ibaf (x) dg =

Sup{L(P, f,g,):P is a partition of [a,b]}

If [.°f(x)dg = [°.f (x) dg =[°.f (x) dg then we say that the integral is Riemann-
stieltjes Integral denoted by R(g) or R-S (g), or simply=[°.f (x) dg over [a,b],the

function f is called the integrand & g is called integrator.

Riemann -Stieltjes Integral as a limit of sums : Let f be a bounded and g be
monotonically increasing function on [a,b].Let P = { a = Xq,Xq,X------- Xn-1 Xn, =b}be a
partition of [a,b] and let t; € [x;.1,X] ,then we define the R-S sums of f relative to g
on [a,b] as S(P,f,g ) = 3"-1 f (t;) 8gi .The sum S(P,f,g ) is said to be convergent to a
limit ,as | |P| |0 and in this case [°.fdg = S(P,f,g ) = 3", f (t;) 8gi

Refinement of a partition : A partition P"is said to be refinement of Pif PCP . In
this case we say that P is finer than P i.e. P" contains at least one point more

than P. If P’ is the common refinement of the partitions P; & P, then P = P,UP, .

Theorem 1: The lower integral can not exceed upper integral.



Proof : let P, & P, be two partition of [a,b] i.e.P; P, € P[a, b] then L[P,,f,g] <L P*,f,g]
< U[P*,f ,8] < U[P,,f,g], then we have L [P4,f,g] < U[P,,fg] ----—--—-- (1) now if we kept
P, fixed and take Sup. Overall P,, then from equation (1) we have _J f(x) dg <

[U(P,,f,g)] . ---—--- (2) The theorem follows by taking the inf. over all P, in (2)by

definition of Lower & upper integral.

Theorem 2 : If P" is the common refinement of P then
1) L[Pfgl<LIP fg]l - (1)
2) U[P"f,g] < U[P,f,g] —----rmmmmmv (2)
Proof : To prove (1) suppose first that P"contains just one point more than P. Let
this extra point be y ,and suppose xi.; <Yy < X; ,where x;.; & x; are two consecutive
points of P. Let wi=inf. f(x) in (x.1<x<y) & w, =inf. f(x)in (y<x<x;)clearly
w; & W, 2 m;because m;=inf. f(x) in (xi.1 £ x £x;), hence
LIP",f, g] - LIP, f, g] = w1 [8(y) - 8(x.1 )]+ wal & () — g (y)] = mi [g (xi) — & (Xi1)]

= (wy-my)[ g (y) — 8(xia)] +( w, -mj)[g(xi) — g(y)] 2 0 ,hence we have the result.(1)

To prove (2) suppose first that P"contains just one point more than P. Let this
extra point be y, and suppose xi.; <y < X; where x;; & x; are two consecutive

points of P. Let u; = Sup. f(x) in (X1 £ x<y) & u, =Sup. f(x) in (y < x<x;)clearly



u; & u, £M; as M, = Sup. f(x) in (x.1 £x<X), hence

ULP'f, g] - UIP, f, g1 = u; [g(y) - g(x:1 )] + Ul g (x) — g ()] = Mi[g (xi) — g (Xi.1)]

= (uy -My)[ g (y) — 8(xi-1)] + (us —=M))[g(x;) — g(y)] £ 0 ,hence we have the result. (2)

Theorem 3: let feR(g) on [a,b]if and only if ¥ € >0 d a partition P of [a,b] such

that U[P, f, g] - L[P, f, g] <¢ (1)

Proof: For every partition P we have L[P, f,g] s_jbaf (x)dg s_fab f(x) dg < U[P,f,g],

thus (1) implies by using definition of R-S integral 0 < [.°f(x) dg - _jbaf (x) <e¢,

hence if (1) can be satisfied for every € > 0,we have [,°f(x) dg = _Ibaf (x) dgi.e.
feR(g).
Conversely ,suppose f € R(g) and let € >0,be given then there exists partition
P, &P, such that U[P,,f,g] - Ibaf (x) dg < &/2 -==m---- (2) and
[°f (x) dg - L[P,f,g] < £/2 -womeeees (3)

We choose P to be common refinement of P; & P,Then Th.2 together with
equations (2) & (3) show that U[P, f, g]< U[P,,f,g] < jbaf (x) dg + &/2 < L[Py,f,g]+ €<

L[P, f, g]+ € .-----(4) thus from equation (4) we get the result U[P,f, g] - L[P, f ,g] <e.



LECTURE -2

Now we will study some more properties& Theorems on Riemann -Stieltjes

Integral

Theorem 4 : 1) If f is continuous and g be monotonic non- decreasing on [a,b]

thenfeR (g) on [a,b].

2) If P ={a = Xg,Xq,Xp------- Xn-1 Xn =b} and s; ,t; are arbitrary points in [x;.1,x]then

> o1 f(s) - f ()| Sgi<e

3) Moreover, given € > 0 ,there exist >0 such that |5" .if (t,) 6g; - [°,f (x) dg|< €

Proof : 1) Let € > 0 be given. Choose n > 0 so that [g(b) — g(a)] n < &, since f is
uniformly continuous on [a, b],there exists a 6 > 0 such that
| f(x) — f(t)]| < n ====m=mmmmmm (1), ifx, te[a, b],and |x-t] <6
If P is any partition of [a, b] then M;—m;<n for (I =1,2 ----n) and therefore
U[P,f,g] = L[P,f,g] = 3"-1 (M;—m;)8g; < n 3"i; 6g; = n[g(b)—g(a)] < € hence f €R(g)
by Th3.

2) Since s; ti€ [x.1,X] ,hence f (s;) & f( t;) lie in [m; M], so that



{If(si) - f(t:) | }6gi< M- m; = 5" [ f(si) - f (t) | &g < U[P,f,g]-L[P,f,g] < e.hence proved

3) : Since f is R-S Integrable relative to g ,we have

1°f(x) dg = _J7f (x) dg =["f (x) dg (2)

Now [,°f(x) dg =inf.[U(P,f,g) = [.”f(x) dg < [U(P,f,g)] and [.°f(x) dg < [U(P,f,g)]
% (x) dg = Sup [L(P, f, g)] = _["f (x) dg 2 [L(P, f, g)] whence we get
1.2f(x) dg + £ >[U(P,f,g)l and _[°,f (x) dg - & < [L(P,f,g)] by (2) we have
J%f (x) dg - & <[L(P,f,g)I< U (P,f,g)] < [, f(x) dg + € -mrmrmmememmenn (3),

if t; € [x..1,%] be arbitrary then obviously m; < f(t;) < M; and so

Combining (3) & (4) we have jbaf (x) dg-e<> f(t) 6g; < jab f(x) dg + € or we have

e < [Pf (x)dg - 5 f(t) 8g; < eie. | 5" oif (t,) 6g; - [°.f (x) dg|< € hence proved.

Theoremb5 : Let f be monotonic and g be continuous and monotonic non

decreasing on [a,b] then fe R(g)

Proof : Let € > 0 .since g is continuous on[a ,b] ,it takes all the values between
g(a) & g(b) ,also g is monotonic non decreasing we can therefore choose a

partition P of [a, b] such that &g, = g(x,) — g(x..1) = {g(b) — g(a)} /n, for r=1,2,------ n

let m,=inf.(f) & M, =Sup (f), also let f be monotonic non-decreasing then

m, = f(x,.1) & M, =f(x,) Now
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U[P, f, g] = L[P, f, g] = 3" 1 (M, - m,) &g, = 3" 1 {f(x;) - f(x.1) {g(b) — g(a)} /n
= {f(b) — f(a)} {g(b) — g(a)} /n when n is sufficiently large then R.H.S.becomes

arbitrary small then U[P, f ,g] — L[P, f, g] <ci.e. f €R (g)

Theoremé6 : If f€R (g)on [a,b] then c.f e R(g) on [a, b] where c is constant and
[P cf (x) dg = cf"f (x) dg

Proof : Let f€R (g) on [a,b] then given >0 ,there exist partition P of [a, b] such

that U[P, f,g] - L[P, f, gl <eand [,f(x)dg = [°.f (x) dg=["f (x) dg ==-----m- (1)

and (cf)(x) =c f(x) and so U[P, c.f ,g] =c U[P ,f ,g]& L[P, cf ,g] =cL[P, f,g] -------- (2)

Thus U[P, cf ,g]- L[P ,cf, g] =c {U[P, f, g] — L[P ,f,g]} < ce=¢;,hence c.f e R(g) on

[a, b] ie. [.°cf(x)dg = _jba cf (x) dg =J°, cf (x) dg =-------- (3).Taking infimum of

both sides of (2) for all partition P of [a ,b] we get [, cf(x) dg =c [.”f(x) dg ----(4)

therefore [°,cf (x)dg= c[°f(x) dg ,hence proved.

Theorem 7: If f €R (g) on [a,b] then so is || and |[°f (x) dg| < |J° |f (x)| dg
Proof: Since f €R (g) on [a ,b] ,f is bounded and g(x) is monotonic non- decreasing
on [a,b]. Also given € > 0 there exists partition P such that U[P, f ,g] — L[P, f,g] <&

ie. 5" (M;—m;) 8g; < € ===-m--- (1) where m; = inf(f) & M;=Sup (f) in [x.1,X] , and

11



ogi= g(x;) — g(xi.1). Let My’ = Sup(|f|) & m{ =inf( [f]) in[xi1,x] , if X,y €[xi1,%] then
[{If(x)] - |f(y) |} £|f(x) = f(y),this suggests that M- m;’ < M;— m; so we have

S MY-my 8gi < 5" Mj— m; 8g; < £ so that U[P, |f| ,g] — L[P, |f] ,g] < € therefore
|f|eR (g) Further M;< M/ or, | $"-1 M; 6g; | < 5"-1 MY 8g;, making || P>0 ,we get

|1°.f (x) dg| < [% |f (x)| dg

12



LECTURE-3

Today we will study some special properties of R-S Integral

Theorem8 : Suppose fe R (g)on[a, b] ,m< f <M, ¢ is continuous on [m, M] and
h(x) = ¢(f(x) on [a, b],then he R(g) on [a,b].
Proof: Choose € > 0.since ¢ is uniformly continuous on [m, M],there exists 6>0

such that &< eand |P(s) — d(t)|<eif |s-t |< 6 and s, t [m, M].Since f €R (g) there

is a partition P of [a, b] such that U(P ,f,g) -L (P ,f,g8) < &° (1).

Let m; & M; be the inf & Sup of f on [a,b] and let m;’ and M; be the same for
function h divide the numbers 1------ n into two classes :i e A if M;- m; <6 and

| e B if M;- m; 26. For i € A our choice of 6 shows that My —m; <e. For

ieB My —m;" <2k ,where K=Sup |¢ (t)|, m<t<M.by (1) we have

85 88 < Sics(M;- m;) 6g<8” , so that S, 8g; <6 it follows that U(P,h ,g) —L (P,h,g)
= Ziea(Mi" = my) 6gi+3ics (Mi- m;) 6g; < g[g (b)- g(a)]+2 Kb<e [g (b)- g(a) +2 K],
since € was arbitrary ,Th. 3 implies h € R (g).

Theorem9 If f; € R(g) & f, eR(g) then f; + f, €eR (g) and Ibaf1+ f,dg = Ibafldg+ jba f,dg
Proof : If f = f; + f, and P is any partition of [a ,b] ,let m’, M’,, M”, m”, &m,, M,
be the inf &Sup of f,,f, & f then we have m’, < f; sM’, m”,<f, s M”, &

mrst Mr: m’r+ m"r Sf1+f25 M’r+ M"r and mr Sf]_'l'fzs Mr :

13



m,+m” . <msM, M, +M”, ——-m- (1) .now by (1) we have the inequality
L(P,fy,g] + L(P,f,g] <L (P,f,g] <U[P,fg] < U[P,f,g] + UPf,g] ------------—--—-- (2)
If f; € R(g) & f, €R(g) let € >0 be given ,there are partitions P; (j =1,2)such
[P;, f;, g]— L(P;, f;, g] < € .in these inequalities if P, & P, are replaced by common
refinement P then (2) implies U[P,f g]- L(P,f, g] <2¢ ,since f, & f, € R(g) which
proves that f € R (g)
With partition P,we have U[P,f;,g] < jbafjdg +€ (j=1,2), then (2) implies
that Ibafdg < U[P,f,g] < jbaf 1dg + jbaf ,dg +2¢ since € is arbitrary we have
R R B N R R R — (3),if we replace f, & f, by - f, & f, the
inequality (3) reversed i.e. [°.fdg 2 [°,fdg + [°.f,dg -------eee- - (4) hence by
(3) & (4) we get the result.
Theorem10: (a) If f € R (g) on [a,b] then f°e R (g) on [a,b]

(b) If feR (g) and g € R(g) then fg eR(g)
proof : (a) since fis bounded on [a,b] hence 3, M> 0 such that |f(x)|<M,
¥ x€ [a ,b].Since fe R (g) and therefore for a given € > 0 d a partition P such
that U[P,(f, g] - L[P,fg] <€ /2M =----- (1) .Let My ,m; and M’, m’r be respectively
the Sup and Inf of fand f2 in [xr.1,X:] then for any two points {1 and (2 € [xr-1,X¢],
wehave |f2(¢1)-f2(C2) |=[£(81) +(C2) [ [f(C0)-f(T) | <{F(CO [ +£(C2) [3.1£(T0)- £(C2) |<

{M+M.f(T1)-f(q2)|.This suggests that M'r - m’r < 2M(M- m)=3"-1( M’, —-m,” )6g;

14



<2M3", ( M, —m, )8x,=U[P,f2,g]- L[P,f2,g]<2M{U[P,fg]|-L[P fg]}<2M (g¢/2M)=¢

by(1) = U[P,f2,g]- L[P,f2,g] <€ ,hence f2 € R (g).

(b)we take ¢(t) = t* Theorem 8. Shows that f* € R (g) if f € R (g).The identity
Afg = (f+g)* — (f - g)° completes the proof.
Theorem11 : If f, < f,then [°.,f,dg < [°.f,dg
Proof :As f; (x) < f,(x) hence f,(x) - fi(x) 20 on[a,b] and g is monotonically
increasing in [a,b] so g(b) >g(a) and [°, (f,—f; ) dg20 = [, f,dg—[°, f, dg=0
this implies jbafldg < Jba f,dg.
Theorem 12: If f e R(g) on [a,b] and if a < c < b then f € R(g) on [a, c]and [c, b] and
[°,fdg = |, fdg + [.° fdg.

Proof : Sincef €R (g) on [a,b],given € >0 H a partition P such that
U(pP f,g ) — L(P,f,g) <€ ------ (1) break partition P = {x¢,X1---X;.1 ,X; =C —---X,..1,Xn} SUCh
that x, = c then U(P,f,g) = "1 M; 8 = 3'iaM; 88 + 3'icss M, 8g; ---------- (2)

and L(P,(f,g) = Z”i=1 m; 6g; = zrizl m; &g; + Zni=r+1 m; 6g; (3)

Subtracting (2) &(3) and using (1) we have 5'; (M; - mi)&gi + 5"i—r.1( M; —m; )6gi < €

i.e. S (M- mi)dgi<e and 5 g ( My —m; )gi < € (4) ,also f € R (g)
=fis bounded in[a, b] =fis bounded in [a,c] & [c,b] both -- ---- (5) therefore

fe R(g)on [a,c] and f € R(g) on [c, b] by (4) & (5). Again we have

15



S M 8g = 5'i-M; 6g; + 5" M; 68 whence making| |P|| =0, by definition of
R-S sums we get  [°,fdg

= [, fdg + [.° fdg, hence the result.

16



LECTURE -4
Today we shall discuss some more theorems on R-S Integral
Theorem13 : If f e R(g,) and f € R(g;) then fe R (g1 + g, ) and Ibafd (81 + &)
= [°, fdg, + [,°f dg, fdg,.
Proof : Since fe R(g,) so there exists a partitionP; such that

U(Pyf,g1) - L(Py,f,81) < € (1) and as f € R(g,) so there exists a

partition P,such that U(P,f,g,) - L(P,,f,8,) < €&-------mmmm—-- (2)

Let P be the common refinement of P; & P, i.e. P =P; u P, then from (1) & (2) we
have U(P, f,g; ) - L(P,f,g1) <€ ------mn--- (3) & U(P, f,g5) - L(P,.f,8, ) < € =-=-=---——- (4)
Let g= gi+g;thenconsidery"i.iM; [g (xi )-g (X1 )]=2"-1 M [(81 +82)(Xi )=(81+82) (Xi1)]
=3>"-1 Mi (g1 +82)(xi) (g 1 +82) (Xi.1)]=2"i=aMi [(81( Xi )- 8a(xi.a)]+Z " -1 Mil(82 (Xi )-8a(xia)].
Thus U[P,f,g,] = U[P,f,g.]+ U[P,f,g;] ----------- (5). Similarly it can be proved that

L[P If ;g] = L(P;fzgl ] + L(sz;gZ] (6) SO, U[P; f; gl]_ L[P; flg] =

U[P,f,g:]- L(P,f,g1 1+ U[P,f,g, ] -L(P,f,g8,] <e ,hence f e R (g, +g, ) as g=g 1 +g, By (5)

we get inf.U[P,f,g] 2 inf.U[P,f,g.] + inf. U[P,f,g,] so [°f dg = [°,fdg, +[,’f dg,----(7)

and U[P,f,g,] = U[P,f,g.]+ U[P,f,g,]= [°.fdg < [°.fdg, +[.°f dg; (8)
by (7) & (8) we have  [°,fd (g, +8,) = J°, fdg, +[.°f dg, fdg,.
Theorem14: If f e R(g)on [a,b] and c is a positive constant then f € R(cg) and

[°.f d (cg)=c [°.fdg

17



Proof : As f € R(g)on [a, b),so for given € > 0 there exists partition P such that
UIP, f, 8] - LIP, f, gl<e/c = 3"t M [(cg(x; - €g(xia)] - 2"-ami [(cg(xi ) - cg(xia)] <
=>U[P, f, cg]-L[P, f, cg] < &, so f e R (cg) on [a, b]. Also as L[P ,f, cg] = 5".-1m; c &gi
=3 am; [(cfg(xi ) - g(xia)}] = ¢ Z"iam;8gi = c L[P.f, g]. As fbafd(Cg) =Sup L[Pf, cg]

= cSup L[P,f, g]=c [°.fdg . Hence [°.fd(cg) = [°,fdg is proved

Theorem15:If fe R(g) on [a,bland if |f (x)|< M on[a,b],then| Ibafdgls M [g(b) - g(a)]
Proof : Since |f(x)| £ M i.e.-M <f(x) £ M we have
M [g (b)-g(a)] < |[.° f(x) dg| < M [g (b) - g(a)], by Mean value Theorem we

have |[.°f(x) dg| = M[g (b) - g(a)]. Hence proved
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LECTURE -5
Today we will discuss the theorem which states the relation betwwen RIEMANN
& R-S Integral (Th.16),First Mean value Theorem and some other Theorems
&cor.
Theorem16 : Assume g is monotonically increasing and g’e R on [a,b].Let f be
bounded real function on[a ,b] then f e R (g) if and only if fg’ € R (g),in that case
[°afdg =" (x)g’ (x)dg --mrmemem- (1)

Proof : Let € > 0 be given, since g’e R then by Th. 3to g’, there is a partition

The Mean value theorem furnishes points t;€ [x;.1 x;],such &g, =g’ (t) 6x;,

fori=1,2,--n. If s;e [ xi x] then 3% |g' (si)-g' (ti)] 6xi<e (3)

By (2) & Th. 4. Now Put M = Sup [f(x)],since "1 f(s) 6gi = S -1 f(s)g’(t;) Ox; ,it

follows from (3) that | 5"i.; f(s;) 8gi - 5 i1 f(si)g’(t:) 6| < Me. (4).

In particular 3"i-1f(s;) 6gi< U[P, f] + M g, for all choices of s;€ [ x.1 x], so that

U[P, f g] <U[P,f, g'] + Mg, the same argument leads from (4) to

U[P,f g’'] < U[P,f g] + Me .Thus |U[P,f,g] - U[P,fg’] | £ Me. (5)
Now (2) is true if P is replaced by any refinement, hence (5) also remains true .We

conclude that | [,°f(x) dg - [.°f(x)g’ (x) dx|< M €. But is arbitrary ,hence
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1.2 f(x) dg = [.° f(x)g’(x)dx for any bounded function f. The equality of the lower

integrals follows from (4) in the same manner. Hence the theorem is proved.

Theorem 17 : Let f €R (g) on [a, b] then m [g(b) — g(a)] < [,°f(x) dg < M [g (b)- g (a)]
Proof : We have m < m,< M, < M therefore 5",.; m 8g,< 5".im, 8g,< 5"-1M, &g, <
>"1M &g, i.e .[g(b) - g(a)] < L(P,f) < U(P,f) < M [g (b) — g(a)].But L[P,f,gl< [,°f(x) dg
< _[."f(x) < M [g (b) - g(a)l. Since f € R (g) hence [,°f(x) dg = _[." f(x) = [" f(x), it
follows that m[g(b) —g(a)] < J.°f(x) dg <M [g (b) - g(a)]. Hence proved.

Corl. If f e R (g) then d a number { lying between m & M such that

Jf(x) dg = {[g (b) - g(a)] = --(1)
Proof: As we have proved m [g (b)—g(a)] < [.2f(x) dg < M [g (b)—g(a)].~------ (2)
Then d a number { such that m < { < M it follows that [,°f(x) dg = { [g (b) - g(a)]
Cor2.First Mean value theorem : If f is continuous and real , g is monotonically
increasing on [a, b] ,then d a point c €(a, b)such that[,” f(x)dg = f(c)[g (b)- g(a)]
Proof : From above cor.1,we have [,f(x) dg = {[g (b)- g(a)].f is continuous in
[a,b]and m < { <M = d ce [a, b] such that f(c) = { ----------- (3) ,by (1) & (3) we
have [,"f(x)dg = f(c)[g (b) - g(a)]
Cor. 3:If fe R (g) and if |f(x)| < k on [a, b] then |f,”f(x) dg| =k [g (b) - g(a)]

Proof: Since |f(x)| <k ie. -k <f(x) <k, we have
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-k [g (b)-g(a)] < |[.°f(x) dg| <k [g (b) - g(a)], by Mean value Theorem we have
I1.°f(x) dg| =k [g (b) - g(a)]. Hence proved
Integration and Differential Theorem 18 : Letfe Ron [a, b] .Fora<x < b ,put
F(x) = Iab f(t) dt ,then F is continuous on [a, b] ,furthermore, if f is continuous at a
point x, of [a, b] ,then F is differential at xo, and F’ (xo) = f(xo).
Proof : Since f € R ,fis bounded . Suppose |f(t)] <M ,fora<t<b.lfa<x<b,then
| F(y)=F (x)] = | [Yf(t) dt| <M (y - x) .By Th. 14 & 15 given &, we see that
|F(y) — F (x)|< € provided that |y - x| < &/M .this proves continuity & in fact
uniform continuity of F. Now suppose f is continuous at x, ,hence given € > 0
,choose 6 > 0 such that |F(t) - F (xo)|<gif |t-Xo|<8and a<t< b .henceif
Xo-0<s<xp<t<xg+6anda<s<t<b, wehavebyTh.15
{F(t)- F (s)/(t-s)}-f(xo) |

=|1/(t-s) [.2{f(u)- f (xo)} dg|<e it follows that F’(xo)= f (Xo).
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LECTURE -6
Now we will study about Fundamental Theorem of calculus ,integration by parts
and some problems on R-S Integral
Theorem19 : The Fundamental Theorem of Calculus: If f € R on [a, b] and if there
is a differential function F on [a, b] such that F' =f ,then jabf(x) dx =F(b) - F(a)
Proof : Let £ >0 be given , choose a partition P = { a= xg,X1,X;------- Xn-1,Xn =b } of
[a, b] so that U[P, f] - L[P, f] < € ,the mean value theorem furnishes points
ti€ [Xi.1,X] such that F (x;) - F(xi.1) = f(t;) 6x;, fori=1,2,-----—--- n thus
5"-1 f(t) 8x = F (b) - F(a) ,it follows from Th. 4 that |F (b) -F(a) - [.°f(x) dx |< €
,this holds for every € >0 hence the proof is complete.
Theorem20: Suppose F & G are differential function on [a ,b] ,F’=f €R & G’=g €R
then [,° F(x)g (x) dx = F (b) G(b) — F(a) G(a) - [.° f(x)G (x) dx.
Proof : Put H (x) = F(x) G(x) and apply Th.17 to H and its derivative, from this We
have [,> H'(x) dx = H(b) - H (@) --------—-- (1) [because [,> F’'(x) dx = F(b) - F(a)].
Now H’(x) = F" (x) G (x) + F (x) G’(x) = f (x) G(x) + g (x) F(x) then from (1) we have
Ja" H'(x) dx =[." { (x) G(x) + & (x) F(x)} dx =H(b)-H (a) = F(b) G (b) - F(a) G(a)
= jab f (x) G(x) dx +Jab g (x) F(x) dx, thus we have

[.°F (x) g(x)dx = F (b) G (b) - Fa) G(a) - [,> f (x) G(x)dx.Hence proof is complete
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Now We solve Some problems on R-Sintegral :
Prob.1 : Evaluate RS [' xdx’

Sol. Since x is continuous and x° is increasing in [0,1] RS [', x dx® exists .to find its
value ,consider the partition P = { xo =0,x1,X;------- Xn-1,Xn =1 }where x, = r/n let
G € [Xe1,%} then 37y Q) 88y =5 w1 X (X ¢ -X* 1) = St (r/0) (r/n)* =( r-1/n)’} =
1/n® $"1r(2r-1)=1/n%[25" . rP-5" 2 1] = (n+1) (4n -1)/6n°=Lim,s.(n+1) (4n -11)/6n*
=(1)(4)/6=2/3
Another method : Since f (x) = x is R - Integrable and g(x) = x is differentiable on
[0,1] then by Th.16, we have R ['y xdx*=[o" x2x = 2[% x * dx=2/3
Prob.2 : Evaluate the following (1) [%, x* dx* (2) [*o x 2 dx?
Sol. Here we use the result jab fdg = Iab fg’dx

(1) % X2 dx* = [% xX*(2x) dx =2 [% x> dx=2/4(2*) =8

(2) [Yo x 2dx® = [Y x 2(2X) dx =[% x > dx=2/4 (1)* = 1/2
Prob3: Find the value of [*; x*d |x|°
Sol: We have [>; x> d x| =%, x* d (-x)°+[% x> d (x°) =-5[°; X" d x+5 [% x' d x =
5/8 +160
Prob.4: Evaluate [%[ x] dx*
Sol: Izo [ x] dx* =j20 [x] 2x dx =2 jl o x Ix dx +2[; 2 [x]x dx=2]1 00 x dx+2[; 2 1.x dx=

0+ (x});%=4-1=3
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